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RICCI FLOW FROM SPACES WITH ISOLATED CONICAL
SINGULARITIES
PANAGIOTIS GIANNIOTIS AND FELIX SCHULZE
Abstract. Let (M, g0) be a compact n-dimensional Riemannian man-
ifold with a finite number of singular points, where the metric is as-
ymptotic to a non-negatively curved cone over (Sn−1, g). We show that
there exists a smooth Ricci flow starting from such a metric with cur-
vature decaying like C/t. The initial metric is attained in Gromov-
Hausdorff distance and smoothly away from the singular points. In the
case that the initial manifold has isolated singularities asymptotic to a
non-negatively curved cone over (Sn−1/Γ, g), where Γ acts freely and
properly discontinuously, we extend the above result by showing that
starting from such an initial condition there exists a smooth Ricci flow
with isolated orbifold singularities.
1. Introduction
Consider a smooth solution (M,g(t))t∈[0,T ) to the Ricci flow
∂
∂t
g = −2Ric(g) ,
starting from a closed Riemannian manifold (M,g(0)). Hamilton has shown
in [16] that the existence time T of the unique maximal solution is bounded
from below by C/K, where C = C(n) > 0 and K = supM |Rm(g(0))|.
It is a natural question to ask which non-smooth spaces can arise as ini-
tial data for smooth solutions to the Ricci flow. In [29, 30, 31], Simon
shows that one can construct a smooth Ricci flow starting from a space
that can be approximated by a sequence of smooth 3-dimensional manifolds
that is locally uniformly non-collapsed and has curvature operator locally
uniformly bounded from below. This result has been applied by Lebedeva–
Matveev–Petrunin–Shevchishin [21] to show that 3-dimensional polyhedral
manifolds with nonnegative curvature in the sense of Alexandrov can be
approximated by non-negatively curved 3-dimensional Riemannian mani-
folds. Koch–Lamm [18] show that from any initial metric, which is a small
L∞-perturbation of the standard Euclidean metric, there exists a smooth
solution to Ricci–DeTurck flow. This was extended in [19] to small L∞-
perturbations of a C2 background metric on a uniform C3 manifold. We
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note that small L∞-perturbations allow for conical singularities where the
cones are sufficiently close to Euclidean space.
Much more is known in dimension two. The results of Simon are still valid,
and the work of Giesen–Topping and Topping [13, 34] implies that given
any initial data, even incomplete with unbounded curvature, there exists
a smooth Ricci flow that becomes complete for t > 0, which is unique
in an appropriate class. Moreover, Yin [37, 38] and Mazzeo–Rubinstein–
Sesum [24] consider two dimensional Ricci flows that preserve the conical
singularity. For a generalisation to higher dimensions of Ricci flows that
preserve a certain class of singularities see the work of Vertman [35]. In
the case of Ka¨hler-Ricci flow also more is known. Short-time existence from
non-smooth initial data was studied by Guedj–Zeriahi [14], Di Nezza–Lu
[10] and Song–Tian [32], where the last article also treats the evolution
through singularities. Preserving conical singularities in the Ka¨hler case
was considered by Chen–Wang [4].
In this paper we consider smooth Ricci flows that start from compact smooth
initial spaces (Z, gZ) with isolated conical singularities. Such spaces can be
expected to arise as the limiting space of a smooth Ricci flow (N,h(t))t∈[0,T )
as t → T , as the following heuristic argument describes. Assume that at
(p, T ) the flow has a type I singularity. By work of Naber [26], Enders–
Mu¨ller–Topping [11] and Mantegazza–Mu¨ller [23] it is known that any par-
abolic blow-up of the flow around (p, T ) converges to a smooth, shrinking,
non-trivial, gradient soliton solution. Furthermore, if one assumes that this
soliton is non-compact and the Ricci curvature goes to zero at infinity, then
it is known by work of Munteanu–Wang [25] that the gradient shrinking
soliton is smoothly asymptotic to a cone over a compact Riemannian man-
ifold. Assuming further that such a tangent flow is unique, i.e. does not
depend on the sequence of rescalings chosen, it should be possible to show
that (N,h(t)) converges to a smooth space (Z, gZ) with an isolated conical
singularity. We would then like to continue the flow so that it immediately
becomes smooth after time T . For an example of such a behaviour on the
level of soliton solutions, see the work of Feldman–Ilmanen–Knopf [12]. We
note furthermore that such a picture of a smooth limiting space with isolated
conical singularities can be made precise for mean curvature flow.
We define a compact Riemannian manifold with isolated conical singularities
as follows.
Definition 1.1. We say that (Z, gZ) is a compact space with isolated conical
singularities at {zi}Qi=1 ⊂ Z modelled on the cones
(C(Xi), gc,i = dr
2 + r2gXi),
where (Xi, gXi) are smooth compact Riemannian manifolds, if:
RICCI FLOW FROM SPACES WITH ISOLATED CONICAL SINGULARITIES 3
(1) (Z \ {z1, . . . , zQ}, gZ) is a smooth Riemannian manifold.
(2) The metric completion of (Z \ {z1, . . . , zQ}, gZ) is a compact metric
space (Z, dZ ).
(3) There exist maps φi : (0, r0] ×Xi → Z \ {z1, . . . , zQ}, i = 1, . . . , Q,
diffeomorphisms onto their image, such that limr→0 φi(r, p) = zi for
any p ∈ Xi and
4∑
j=0
rj|(∇gc,i)j(φ∗i gZ − gc,i)|gc,i < kZ(r),(1.1)
for some function kZ : (0, r0]→ R+ with limr→0 kZ(r) = 0.
We prove the following short-time existence result.
Theorem 1.1. Let (Z, gZ) be a compact Riemannian manifold with isolated
conical singularities at {zi}Qi=1 ⊂ Z, each modelled on a cone
(C(Sn−1), gc,i = dr2 + r2gi)
with Rm(gi) ≥ 1, but Rm(gi) 6≡ 1.
Then, there exists a smooth manifold M , a smooth Ricci flow (g(t))t∈(0,T ]
on M and a constant CRm with the following properties.
(1) (M,dg(t))→ (Z, dZ) as t→ 0, in the Gromov–Hausdorff topology.
(2) There exists a map Ψ : Z \ {z1, . . . , zQ} →M , diffeomorphism onto
its image, such that Ψ∗g(t) converges to gZ , smoothly uniformly away
from zi, as t→ 0.
(3) maxM |Rm(g(t))|g(t) ≤ CRm/t for t ∈ (0, T ].
(4) Let tk ց 0 and pk ∈ (ImΨ)c ⊂ (M,dg(tk)). Suppose that pk → zi
under the Gromov–Hausdorff convergence, as k →∞. Then
(M, t−1k g(tkt), pk)t∈(0,t−1k T ] → (Ni, ge,i(t), q)t∈(0,+∞),
where (Ni, ge,i(t))t∈(0,+∞) is the Ricci flow induced by the unique
expander (Ni, gNi , fi) with positive curvature operator that is asymp-
totic to the cone (C(Sn−1), gc,i).
To construct the solution, we desingularise the initial metric by glueing in
expanding gradient solitons with positive curvature operator, each asymp-
totic to the cone at the singular point, at a small scale s. These expanding
solitons exist due to a recent result of Deruelle [7]. Localising a recent stabil-
ity result of Deruelle–Lamm [9] for such expanding solutions, we show that
there exists a solution from the desingularised initial metric for a uniform
time T > 0, with corresponding estimates, independent of the glueing scale
s. The solution is then obtained by letting s→ 0.
The last point in the statement of the above theorem says that the limit-
ing solution has the corresponding expanding gradient soliton as a forward
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tangent flow at each initial singular point. We further note that our con-
struction doesn’t require that the initial data or the constructed approxi-
mating sequence satisfy any lower bound on the curvature. Moreover, aside
from the existence of the expanding gradient solitons and the stability re-
sult of Deruelle–Lamm, the construction does not depend in any way on the
non-negativity assumption on the curvature of the conical models.
In case that the isolated singularities are modelled on cones over a quotient
of (Sn−1, g¯) with Rm(g¯) ≥ 1 we can show that there exists a smooth solution
to the orbifold Ricci flow starting from such a space, with isolated orbifold
points. Each initial cone (C(Sn−1/Γi), dr2 + r2gi), with Γi non-trivial, cor-
responds to an isolated orbifold point in the flow.
Theorem 1.2. Let (Z, gZ) be as in Theorem 1.1, with singularities at
{zi}Qi=1 modelled on cones (C(Sn−1/Γi), gc,i := dr2+ r2gi) with Rm(gi) ≥ 1,
Rm(gi) 6≡ 1, and Γi acting freely and properly discontinuously.
Then there exists a smooth orbifold Ricci flow (M,g(t))t∈(0,T ] with isolated
orbifold singularities, each modelled on Rn/Γi, and a constant CRm for which
(1)-(3) of Theorem 1.1 hold. Moreover
(4′) Let tk ց 0 and pk ∈ (ImΨ)c ⊂ (M,dg(tk)). Suppose that pk → zi
under the Gromov–Hausdorff convergence, as k →∞. Then
(M, t−1k g(tkt), pk)t∈(0,t−1k T ] → (Oi, ge,i(t))t∈(0,+∞),
where (Oi, ge,i(t))t∈(0,+∞) is the orbifold Ricci flow induced by the
unique orbifold quotient expander (Oi, gOi , fi) with positive curva-
ture operator that is asymptotic to the cone (C(Xi), gc,i).
The proof of Theorem 1.2 is a direct modification of the proof of Theorem
1.1. We do this by showing that there exists a unique orbifold quotient
expander (Oi, gOi , fi) with positive curvature operator and one isolated orb-
ifold point that is asymptotic to the cone (C(Xi), gc,i): see Theorem 6.1.
We can also allow for cones as models for the singularities which are not non-
negatively curved, provided they are small perturbations of non-negatively
curved cones considered in Theorem 1.1.
Theorem 1.3. Let (Z, gZ) be as in Theorem 1.1, with singularities at
{zi}Qi=1 modelled on cones (C(Sn−1), gc,i := dr2 + r2gi). Let (N, gNi , fi)
be expanders with positive curvature operator asymptotic to (C(Sn−1), g′c,i =
dr2+ r2g′i) with Rm(g
′
i) ≥ 1, Rm(g′i) 6≡ 1. Then there exist εi > 0 depending
on gNi such that if
|(∇gi)j(g′i − gi)|gi < εi ,
where 0 ≤ j ≤ 4, then there exists a smooth Ricci flow (M,g(t))t∈(0,T ] and
CRm for which (1)-(3) of Theorem 1.1 hold.
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Of course the analogous statement is also true for the orbifold case of The-
orem 1.2. We would like to point out that the condition that the curvature
operator of the cones (C(Sn−1), g′c,i = dr
2+ r2g′i) is non-negative is not pre-
served under small perturbations. This implies that the curvature operator
of (Z, gZ) might be unbounded from below in a neighborhood of the singular
points. In this case, the constructed flow (M,g(t))t∈(0,T ] will have curvature
operator unbounded from below as tց 0.
Observe also that the case Rm(gi) ≡ 1 in Theorems 1.1 and 1.2 corresponds
to a smooth Riemannian manifold or orbifold respectively and there is noth-
ing to prove. Similarly, the case Rm(g′i) ≡ 1 in Theorem 1.3 corresponds to
initial data which are perturbations of a smooth Riemannian metric, which
is dealt with by Koch–Lamm in [19].
Outline. In Section 2 we recall some facts about gradient Ricci expanders
asymptotic to cones and introduce notation.
In Section 3 we define the class of Riemannian manifolds M(η,Λ, s), which
can be understood as a local smoothing of an isolated conical singularity
with an expander at scale s. In Theorem 3.1 we state local a priori cur-
vature estimates for Ricci flows with initial data in M(η,Λ, s), which are
uniform in s. To prove these estimates we separate the initial manifold in
the conical and expanding region. The idea is then to use Perelman’s pseu-
docality theorem to control the flow for a short time in the conical region,
showing that it remains conical, and use a localised version of the stability
result of Deruelle–Lamm [9] to control the flow in the expanding region.
However, to exploit the latter we need to work with the Ricci–DeTurck flow
for a suitably chosen background metric, which is an interpolation of the
initial metric and the expanding metric at scale s+ t. To pass from a solu-
tion of Ricci flow to the corresponding solution to Ricci-DeTurck flow one
needs to pull back by the inverse of a solution to harmonic map heat flow
ψ with the background metric as a target. Assuming an a priori bound on
|∇ψ|, we use Perelman’s pseudolocality theorem to control the solution to
Ricci–Deturck flow in the conical region: Lemma 3.1. Then, localising the
stability result of Deruelle–Lamm we control the Ricci–DeTurck flow in the
expanding region: Lemma 3.2. We finally show how these results can be
combined to prove Theorem 3.1. A central point is that a posteriori the
assumed threshold for |∇ψ| is never achieved, and thus the argument closes.
In Section 4 we give the proofs of Lemma 3.1 and Lemma 3.2. This includes
a ‘pseudolocality’ theorem for the harmonic map heat flow: Lemma 4.1; and
the localisation of the stability result of Deruelle–Lamm: Lemma 4.2.
In Section 5 we give the proof of Theorem 1.1, as well as that of Theorem 1.3.
In Section 5.1 we construct the approximation sequence, by glueing in the
expander metric at scale s into gZ around the singular point, and showing
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that this metric is in the class M(η,Λ, s). The proof of the statements of
Theorem 1.1 then follows in Sections 5.2-5.10. In Section 5.11 we show how
the proof of Theorem 1.1 can be modified to prove Theorem 1.3. Finally,
in Section 6 we show the existence of orbifold quotient expanders and prove
Theorem 1.2.
Acknowledgments: The authors wish to thank Alix Deruelle for many
interesting discussions on expanding Ricci solitons.
2. Preliminaries
2.1. Expanders asymptotic to cones. A triple (N, gN , f), where (N, gN )
is a Riemannian manifold and f a smooth function on M , is said to be a
gradient Ricci expander if it satisfies the equation
HessgN f =
1
2
L∇fgN = Ric(gN ) + gN
2
.(2.1)
As a consequence, the well known formula
|∇f |2 = f + c−R,
holds, for an appropriate constant c.
Note that f is well defined up to a constant and linear function. Hence,
provided (N, gN ) has bounded curvature, we will assume w.l.o.g. that c =
infM R := Rinf , where R denotes the scalar curvature. Such a normalisation
always ensures that f ≥ 0.
A gradient Ricci expander generates a solution to Ricci flow, which moves
only by diffeomorphisms and scaling: Let ϕt, t > 0, be the diffeomorphisms
satisfying the ODE
d
dt
ϕt = −1
t
∇f ◦ ϕt,(2.2)
ϕ1 = idN .(2.3)
Then the family ge(t) = tϕ
∗
t gN solves Ricci flow for t > 0. Define fs = f ◦ϕs,
for any s > 0.
We note for later reference that the ODE implies that
(2.4) ϕs ◦ ϕt = ϕst .
Let (X, gX ) be a smooth Riemannian manifold and
(C(X), gc = dr
2 + r2gX , o)
be the associated cone with vertex o. We will say that the expander (N, gN , f)
is asymptotic to the cone C(X) if
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(1) There is a diffeomorphism onto its image F : [Λ0,∞)×X → N such
that N \ Im (F ) is compact and
f(F (r, q)) =
r2
4
,
for every (x, q) ∈ [Λ0,∞)×X.
(2)
4∑
j=0
sup
∂Bgc (o,r)
rj|(∇gc)j(F ∗gN − gc)|gc = kexp(r), where limr→∞kexp(r) =
0.
From [8, Theorem 3.2] we may assume w.l.o.g. that
(2.5) F (r, q) = J
r2
4
−Λ
2
0
4
(F (Λ0, q)),
where Jt : N → N is the flow of the vector field ∇f/|∇f |2 with J0 = idN .
A natural radial coordinate at infinity on the expander is given by
r := 2
√
f = (F−1)∗r .
Similarly, for the expander at scale s, it will be convenient to consider the
radial coordinate at infinity defined as rs = 2
√
sfs.
In fact, if we define Fs : [Λ0
√
s,∞) ×X → N by Fs = ϕ−1s ◦ F ◦ as, where
as(r, q) = (
r√
s
, q) for (r, q) ∈ [0,∞) ×X, it follows that rs(Fs(r, q)) = r.
Moreover, since
(2.6)
rj|(∇gc)j(F ∗s ge(s)− gc)|gc(r, q)
= rj |(∇gc)j(a∗s ◦ F ∗ ◦ (ϕ−1s )∗ge(s)− gc)|gc(r, q),
= rja∗s(|(∇(a
−1
s )
∗gc)j(F ∗(sgN )− (a−1s )∗gc)|(a−1s )∗gc(r, q),
= rj |(∇sgc)j(F ∗(sgN )− sgc)|sgc(rs−1/2, q),
=
(
rs−1/2
)j|(∇gc)j(F ∗gN − gc)|gc(rs−1/2, q) = kexp(rs−1/2),
F ∗s ge(s) converges to gc as s→ 0, uniformly away from o in C4loc. Moreover
|∇ge(s)rs|ge(s) → 1, uniformly away from o.
We will also need the following lemma, whose proof we postpone until Sec-
tion 4.
Lemma 2.1. Let (N, gN , f) be an asymptotically conical gradient Ricci ex-
pander and let (g0(t))t≥0 be the induced Ricci flow with g0(0) = gN . There
exists γ0 ≥ 1 and C,Λ0 > 0 such that
|F ∗g0 − gc|gc + r|∇gcF ∗g0|gc <
1
100
,
1
2
≤ |∇g0r|g0 ≤ 2,
|r∆g0r| ≤ 4(n − 1), r2|Rm(g0)|g0 ≤ C(gc)
in
{
(x, t) ∈ N × [0,+∞), r(x) ≥
√
γ0t+ Λ
2
0
}
.
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From now on, given any expander asymptotic to a cone, γ0 and Λ0 will refer
to the constants given by Lemma 2.1.
2.2. Expanders asymptotic to cones with positive curvature oper-
ator.
It is known by the recent work of Deruelle [7] that, given (Sn−1, g) with
Rm(g) ≥ 1, there exists a unique expanding gradient soliton (N, gN , f) with
non-negative curvature operator, which is asymptotic to the cone
(C(Sn−1), dr2 + r2g, o).
We note the following consequence. The proof has similarities to the argu-
ment of Perelman in the proof of Claim 2 in [27, §12].
Lemma 2.2. Assume that (Sn−1, g) satisfies Rm(g) ≥ 1 but Rm(g) 6≡ 1.
Then the expander (N, gN , f) that is asymptotic to (C(S
n−1), dr2 + r2g, o),
given by [7], has positive curvature operator. Moreover, if f is normalised
so that |∇f |2 = f +Rinf −R, then it is unique.
Proof. Assume that there exists a point p ∈ N such that Rm(gN )(p) has a
zero eigenvalue. By Hamilton’s strong maximum principle there exists δ > 0
such that, for every t ∈ (0, δ], Ker(Rm(ge(t))) is a positive rank subbundle
of Λ2T ∗N , invariant under parallel translation.
Consider (1, q) ∈ (0,+∞) × Sn−1 such that Rm(g)(q) > 1 and let gc =
dr2 + r2g. Then Ker(Rm(gc)) in a neighbourhood of (1, q) consists solely
of elements of the form ∂r ∧ V , for V ∈ TSn−1. Moreover, recall that for
W ∈ TqSn−1
(2.7) ∇W (∂r ∧ V )|(1,q) =W ∧ V + ∂r ∧ ∇WV,
since ∇W∂r = 1rW on the cone.
Now, since F ∗t ge(t) converges to gc as t→ 0, we conclude that around (1, q)
there is a section ∂r ∧V of Ker(Rm(gc)) satisfying ∇(∂r ∧V )|(1,q) = 0. This
contradicts (2.7).
To prove uniqueness of f , note that any other potential function f˜ will satisfy
HessgN (f − f˜) = 0. This implies that either f˜ = f + c, for some constant c,
or the expander splits a line by DeRham’s theorem (recall that N is simply
connected by construction). However, the latter is not possible, since the
unique tangent cone at infinity would split a line, contradicting that it has
an isolated singularity. But then, if f˜ satisfies |∇f˜ |2 = f˜ +Rinf −R, we see
that c = 0. 
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2.3. Distance distortion estimate. Let g0(t) = ge(t + 1) denote the as-
sociated Ricci flow with g0(0) = gN . Since (g0(t))t≥0 is a Type III solution
for the Ricci flow, namely
max
M
|Rm(g0(t))|g0(t) ≤
C
t+ 1
,
the following distance distortion estimate holds. There exists C(gN ) > 0
such that for every x, y ∈ N , t ≥ 0
(2.8) dg0(0)(x, y)− C(gN )
√
t ≤ dg0(t)(x, y).
This estimate is due to Hamilton, for a proof see for example [6, Lemma
8.33].
3. Flowing almost conical metrics
In this section we fix an asymptotically conical gradient Ricci expander
(N, gN , f) with positive curvature operator and let γ0, Λ0 be as in Lemma
2.1. We will consider the following class of Riemannian manifolds as initial
data for the Ricci flow. Recall that a natural coordinate at infinity for an
expander at scale s is given by rs = 2
√
sfs.
Definition 3.1. Given η, s > 0, Λ ≥ Λ0 define the class M(η,Λ, s) of
complete Riemannian manifolds (M,g) with bounded curvature satisfying the
following: there exist Φs : {rs ≤ 1} → M , a function rs : ImΦs → [Λ
√
s, 1]
defined by
rs = max
{
(Φ−1s )
∗rs,Λ
√
s
}
and
• ∑4j=0 rj|(∇gc)j((Φs ◦ Fs)∗g − gc)|gc + rj |(∇gc)j(F ∗s ge(s)− gc)|gc < η
in [Λ
√
s, 1]×X.
• |Φ∗sg − ge(s)|ge(s) < η, in {rs ≤ 2(Λ + 1)
√
s} .
Note that [(Φs ◦ Fs)∗rs](r, q) = r in [Λ
√
s, 1]×X.
A metric in M(η,Λ, s) can be viewed as the smoothening of an isolated
conical singularity with an expander at scale s. The function rs behaves
like the distance from the origin of the cone C(X) when η is small. The
parameter Λ separates the manifold into two regions, the conical region
where it is η-close to the cone, and the expanding region where it is η-close
to the expander at scale s.
The aim is to prove a priori curvature estimates for Ricci flows with initial
data in M(η,Λ, s), which are uniform in s.
Theorem 3.1.
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(1) Given Λ > 0, there exist η0(gN ), s0(Λ), τ0(gN ), C(gN ) such that for
every s ∈ (0, s0] the following holds:
If (M,g(t))t∈[0,T ] is a complete Ricci flow with bounded curvature,
and (M,g(0)) ∈ M(η0,Λ, s) then
max
{rs≤ 34}
|Rm(g(t))|g(t) ≤
C
t
, for t ∈ (0,min{τ0, T}],
max
{rs≤ 34}
2∑
j=0
r2+js |(∇g(t))j Rm(g(t))|g(t) ≤ C, for t ∈ [0,min{τ0, T}].
(2) For every ε > 0 and integer k ≥ 0 there exist η1 = η1(gN , ε, k),
γ1 = γ1(gN , ε, k) such that if s ∈ (0, s0] and γ ≥ γ1 then the following
holds:
If (M,g(t))t∈[0,T ] is a complete Ricci flow with bounded curvature
and (M,g(0)) ∈ M(η1,Λ, s), then for every t ∈ (0,min{(32γ)−1, T}]
there is a map
Qs,t :
{
rs ≤ 5
4
√
γt+ s(Λ + 1)2
}
→ N,
diffeomorphism onto its image, such that{
rs ≤
√
γt
} ⊂ ImQs,t ⊂ {rs ≤ 3
2
√
γt+ s(Λ + 1)2
}
and for any non-negative index j ≤ k∣∣((t+ s)1/2∇ge(t+s))j ((Q−1s,t )∗g(t) − ge(t+ s)) ∣∣ge(t+s) < ε
in ImQs,t.
Assuming a bound on the initial curvature outside of the conical and ex-
panding region, the above result implies a global bound for the curvature in
time:
Corollary 3.1. Let (M,G) ∈ M(η0,Λ, s) for 0 < s ≤ s0, where η0(gN ),
s0(Λ) are given by Theorem 3.1. Suppose that supM\ImΦs |Rm(G)|G ≤ A.
Then, there exist T (A, gN ) and C(A, gN ) such that the Ricci flow g(t) with
g(0) = G exists for t ∈ [0, T ] and satisfies
max
M×[0,T ]
|Rm(g)|g ≤ C(A, gN )
t
.
Moreover, all the conclusions of Theorem 3.1 hold.
Proof. Since G is complete with bounded curvature, Shi’s theorem [28] pro-
vides a complete Ricci flow g(t) with bounded curvature for t ∈ [0, Ts]. Then,
the second inequality of part (1) of Theorem 3.1 implies that
(3.1) |Rm(g(t))|g(t) ≤ C(gN )
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along the level set {rs = 3/4} for t ∈ [0,min{τ0, Ts}].
The evolution equation for the norm of the curvature tensor along Ricci flow
(3.2)
∂
∂t
|Rm(g(t))|2g(t) ≤ ∆g(t)|Rm(g(t))|2g(t) + c(n)|Rm(g(t))|3g(t)
and maximum principle imply that there exists τ1(A, gN ) ≤ τ0, such that
(3.3) max
M\{rs≤3/4}
|Rm(g(t))|g(t) ≤ C(A, gN ),
for t ∈ [0,min{τ1, Ts}], for some C(A, gN ).
Since, by Theorem 3.1,
(3.4) max
{rs≤3/4}
|Rm(g(t))|g(t) ≤
C(gN )
t
,
for t ∈ [0,min{τ0, Ts}], it follows that g(t) exists for all t ∈ [0, τ1]. This
suffices to prove the result. 
Remark 3.1. Since the expander is merely asymptotic to the cone, in practice
Λ depends on η. Namely, one has to go far into the asymptotic region of
the expander, i.e. make Λ large, for the metric to be close to the cone,
otherwise the class M(η,Λ, s) is empty. Thus, when we apply Corollary 3.1
in Section 5, it will be important that the statement holds for arbitrary Λ
with η independent of Λ.
The idea behind the proof of Theorem 3.1 is that Perelman’s pseudolocality
theorem will control the flow in the conical region, and a localised version of
the weak stability result of Deruelle–Lamm [9] for expanders with positive
curvature operator will control the flow in the expanding region. However,
to exploit the latter we need to work with the Ricci–DeTurck flow
∂
∂t
gˆ = −2Ric(gˆ) + LW(gˆ,g˜)gˆ,(3.5)
where W(gˆ, g˜)k = gˆklgˆij(Γˆlij − Γ˜lij) and g˜(t) is a carefully chosen family of
background metrics defined as follows. Given (M, gˆ(0)) ∈ M(η,Λ, s),
g˜(t) = ξ1(rs)(Φ
−1
s )
∗(ge(t+ s)) + (1− ξ1(rs))gˆ(0),(3.6)
where ξ1 : [0, 1] → [0, 1] is a fixed smooth, non-increasing function which is
identically equal to 1 in [0, 12 ] and ξ = 0 in [
5
8 , 1]. This metric interpolates
between the initial metric and the expanding metric at scale s+ t.
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Let (M,g(t))t∈[0,T ] be a Ricci flow with (M,g(0)) ∈ M(η,Λ, s) and consider
the harmonic map heat flow ψ : {rs ≤ 34} × [0, T ]→ {rs ≤ 34}:
∂
∂t
ψ = ∆g(t),g˜(t)ψ,(3.7)
ψ|t=0 = id{rs≤ 34},(3.8)
ψ|{rs= 34}×[0,T ] = id{rs= 34},(3.9)
as in [15], where we assume that T is small enough so that both g(t) and
ψt(·) := ψ(·, t) are smooth for t ∈ [0, T ] and ψt is a diffeomorphism for all
t ∈ [0, T ]. Note that ψt is smooth up to the corner {rs = 34} × {0}, since
g˜(0) and g(0) coincide around {rs = 34}. It is well known that
gˆ(t) = (ψ−1t )
∗g(t)
is a solution to (3.6), see [6].
Lemma 3.1 below controls gˆ(t) in the conical region, assuming a bound on
|∇ψ|g,g˜, and Lemma 3.2 uses the weak stability of the expander to control
gˆ in the expanding region, assuming control of gˆ in the overlap of the two
regions.
Lemma 3.1 (Estimates in the conical region). Given B,α > 0 there exist
η2(α) > 0, γ2(B,α) > 1 and C(gc) > 0 such that the following holds:
Let (M,g(t))t∈[0,T ] be a complete Ricci flow with bounded curvature and sup-
pose that (M,g(0)) ∈ M(η2,Λ, s), for some Λ ≥ Λ0 and s ≤ 132(Λ+1)2 . Let
g˜, ψ and gˆ(t) = (ψ−1t )
∗g(t) be as above, define
(3.10) Dconeγ,Λ,s =
{
(x, t) ∈ {rs ≤ 3
4
} × [0, (32γ)−1], rs(x) ≥
√
γt+ sΛ2
}
,
for some γ ≥ γ2 and suppose |∇ψ|g,g˜ ≤ B in {rs ≤ 34}×[0,min{(32γ)−1, T}].
Then the estimates
|gˆ − g˜|g˜ + rs|∇˜gˆ|g˜ < α,(3.11)
2∑
j=0
r2+js |(∇g)j Rm(g)|g ≤ C(3.12)
are valid in Dconeγ,Λ+1,s ∩ (M × [0, T ]).
Lemma 3.2 (Estimates in the expanding region). For every ε > 0 and
integer k ≥ 0 there exists α0(gN , ε, k) > 0 such that if (M,g(t))t∈[0,T ] is
a complete Ricci flow with bounded curvature and (M,g(0)) ∈ M(α,Λ, s),
for α ≤ α0 and some Λ and s < 132(Λ+1)2 , then the following holds: Let
gˆ(t) = (ψ−1t )
∗g(t) be the corresponding Ricci–DeTurck flow in {rs ≤ 34}. If
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for some γ ≥ 1 estimate (3.11) holds in Dconeγ,Λ+1,s ∩ (M × [0, T ]) then for
every 0 ≤ j ≤ k:
(t+ s)j/2|∇˜j(gˆ − g˜)|g˜ < ε,(3.13)
in Dexpγ,Λ,s ∩ (M × [0, T ]), where
(3.14) Dexpγ,Λ,s =
{
(x, t) ∈M × [0, (32γ)−1], rs(x) ≤ 3
2
√
γt+ s(Λ + 1)2
}
.
Remark 3.2. Note that for t ∈ [0, (32γ)−1] and s ≤ 1
32(Λ+1)2
we have
2
√
γt+ s(Λ + 1)2 ≤ 1
2
,
hence g˜(t) = (Φ−1s )∗ge(t+ s) in Dexpγ,Λ,s ∩ (M × {t}).
Assuming for now Lemmata 3.1 and 3.2 we proceed to prove Theorem 3.1.
Proof of Theorem 3.1. Let (M,g(t))t∈[0,T ] be a complete Ricci flow with
bounded curvature such that (M,g(0)) ∈ M(η,Λ, s), for some Λ ≥ Λ0 and
s ∈ (0, 1
32(Λ+1)2
]. We will prove that the assertion of the theorem is true
when η = min{α0, η2(α0)}, where α0 = α0(gN , 10−2, 4) is the constant pro-
vided by Lemma 3.2 and η2(α0) the constant provided by applying Lemma
3.1 for a large enough constant B > 0, which will be specified in the course
of the proof.
Let ψ satisfy (3.7)-(3.9) and define
T∗ := max
{
τ, gˆ(t) := (ψ−1t )
∗g(t) is smooth and
|∇ψ|g,g˜ ≤ B in {rs ≤ 3/4} × [0, τ)
}
.
Applying Lemma 3.1 we obtain γ2 = γ2(B,α0) such that
|gˆ − g˜|g˜ + rs|∇˜gˆ|g˜ < α0,(3.15)
2∑
j=0
r2+js |(∇g)j Rm(g)|g ≤ c1(gc, A)(3.16)
in Dconeγ2,Λ+1,s ∩ (M × [0, T∗]).
Then, Lemma 3.2 implies that
|gˆ − g˜|g˜ +
√
t|∇˜gˆ|g˜ + t|∇˜2gˆ|g˜ < 0.01,(3.17)
hence
|Rm(g)|g ≤ c2(gN )
t
in Dexpγ2,Λ,s ∩ (M × [0, T∗]).
14 PANAGIOTIS GIANNIOTIS AND FELIX SCHULZE
Since (Dconeγ2,Λ+1,s∪D
exp
γ2,Λ,s
)∩(M×[0, T∗]) = {rs ≤ 3/4}×[0,min{(32γ2)−1, T∗}]
and |∇ψ|2g,g˜ = trgˆ g˜, it follows from (3.15) and (3.17) that
|∇ψ|g,g˜ ≤ c3(gN ),(3.18)
in {rs ≤ 3/4} × [0,min{T∗, (32γ2)−1}].
Now, choosing B = 2c3, (3.18) implies that g(t) remains smooth up to
time min{T∗, (32γ2)−1}. This, together with (3.18) and parabolic regularity
implies that ψt is also smoothly controlled up to time min{T∗, (32γ2)−1},
and remains a diffeomorphism due to (3.15) and (3.17). It follows that
T∗ > (32γ2)−1 and the estimates in the statement of the theorem are valid
for t ≤ τ0 := (32γ2)−1.
In order to prove the second part of the theorem, let (M,g(0)) ∈M(η1,Λ, s)
for
η1 = min{α0(gN , ε, k), η2(α0(gN , ε, k))},
putting B = 2c3. Combining Lemmata 3.1 and 3.2 as above, we obtain that,
for 0 ≤ j ≤ k,
(3.19) |((t+ s)1/2∇˜)j(gˆ − g˜)|g˜ < ε,
in Dexpγ,Λ,s and
(3.20) |gˆ − g˜|g˜ + rs|∇˜gˆ|g˜ < α0(gN , ε)
in Dconeγ,Λ−1,s.
Set τ˜(γ) = (32γ)−1. We claim that making γ even larger
(3.21) ψt
({
rs ≤ 5
4
√
γt+ s(Λ + 1)2
})
⊂ 3
2
{
rs ≤
√
γt+ s(Λ + 1)2
}
,
for all t ∈ [0, τ˜ ].
To prove this, let t ∈ [0, τ˜ ] and suppose there is x ∈
{
rs ≤ 54
√
γt+ s(Λ + 1)2
}
and τ1 < τ2 < t such that
rs(ψτ1(x)) =
5
4
√
γt+ s(Λ + 1)2,
rs(ψτ2(x)) =
3
2
√
γt+ s(Λ + 1)2, and
rs(ψτ (x)) ∈
[5
4
√
γt+ s(Λ + 1)2,
3
2
√
γt+ s(Λ + 1)2
](3.22)
for all τ ∈ [τ1, τ2].
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Then, for every τ ∈ [τ1, τ2] we have
(3.23)
d
dτ
rs(ψτ (x)) = g˜(∇˜rs,W(gˆ, g˜))(ψτ (x), τ)
≤ c4|∇˜rs|g˜|∇˜gˆ|g˜(ψτ (x), τ)
≤ c4(rs(ψτ (x)))−1|∇˜rs|g˜(ψτ (x), τ),
where we used (3.20). Note that the constant c4 is independent of γ but is
allowed to change from line to line.
Note that
(3.24) |∇˜rs|g˜(y, τ) = |∇g0(τ/s)r|g0(τ/s)(ϕs(Φ−1s (y))) ≤ 2,
as long as rs(y) ≥
√
γ0τ + sΛ20, by Lemma 2.1.
Since t > τ2, it follows from (3.22) that, for τ ∈ [τ1, τ2],
rs(ψτ (x)) ≥ 5
4
√
γt+ s(Λ + 1)2 >
√
γ0τ + sΛ
2
0,
as long as γ ≥ γ0 and Λ ≥ Λ0. Hence (3.24) holds at (ψτ (x), τ).
Putting this into (3.23) we obtain
(3.25)
d
dτ
rs(Ψτ (x)) ≤ c4(γt)−1/2,
for τ ∈ [τ1, τ2]. Integrating this we obtain
1
4
√
γt+ s(Λ + 1)2 < c4
(
t
γ
)1/2
If γ ≥ 4c4 we obtain a contradiction. Hence τ2 ≥ t, which implies that (3.21)
holds for every t ∈ [0, τ˜ ].
Similarly we obtain the inclusion
{
rs ≤
√
γt+ s(Λ + 1)2
} ⊂ ψt({rs ≤ 5
4
√
γt+ s(Λ + 1)2
})
,
The conclusion of the theorem then holds for Qs,t = Φ
−1
s ◦ ψt. 
4. Proofs of Lemmata 3.1 and 3.2
4.1. Estimates in the conical region. First we need the following auxil-
iary lemma. Let (M,g) be a complete Riemannian manifold with boundary.
For every x ∈ M \ ∂M , recall that the C2,α-harmonic radius rhar,g(x) at
x is the maximal r < dg(x, ∂M)/2 with the following property: there exist
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harmonic coordinates u : Bg(x, r)→ Rn satisfying u(x) = 0 and
(4.1)
2−1δ ≤ g ≤ 2δ,∑
i,j,k
r|∂kgij |C0+
∑
i,j,k,l
r2(|∂2klgij |C0 + rα[∂2klgij ]α) ≤ 2,
where δ here denotes the Euclidean metric in Rn.
If x ∈ ∂M , the harmonic radius rhar,g(x) is defined as the maximal r such
that there exists u : Bg(x, r) → Rn, mapping Bg(x, r) to {xn ≥ 0} and
Bg(x, r) ∩ ∂M to {xn = 0}, such that (4.1) holds and the restriction u|∂M
is harmonic (see [1]).
The following lemma proves a ‘pseudolocality’-theorem for the harmonic
map heat flow. We would like to stress that this is not a true pseudolocality-
theorem since it assumes an a-priori bound (4.2) on the gradient of the
solution to the harmonic map heat flow with respect to the evolving metrics.
Nevertheless, in the application later we will be able to assume such a bound,
and then show a-posteriori that this bound is never achieved. Notably, due
to the assumed bound on the gradient, the proof relies only on parabolic
regularity.
Lemma 4.1. For every α,B > 0 there is an εh = εh(α,B) > 0 with the
following property. Let g(t), g˜(t), t ∈ [0, T ] be one-parameter families of
Riemannian metrics on a smooth manifold Mn with boundary ∂M and that
g(0) = g˜(0) in a neighbourhood of ∂M . Also, let ψ : M × [0, T ] → M be a
solution to the harmonic map flow
∂
∂t
ψ = ∆g,g˜ψ,
ψ|t=0 = idM ,
ψ|∂M×[0,T ] = id∂M .
Suppose that rhar,g(0)(x) > ρ for some x ∈M and
|∇ψ|g,g˜ ≤ B,(4.2)
2∑
j=0
ρ2+j
(∣∣∣∣ ∂∂t(∇g(0))jg
∣∣∣∣
g(0)
+
∣∣∣∣ ∂∂t(∇g(0))j g˜
∣∣∣∣
g(0)
)
≤ B(4.3)
in Bg(0)(x, ρ) × [0,min{εhρ2, T}] and
(4.4) B−1g(0) ≤ g˜(0) ≤ Bg(0),
2∑
j=1
ρj |(∇g(0))j g˜(0)|g(0) ≤ B
at Bg(0)(x, ρ). Then, ψt(·)|Bg(0)(x,ρ/10) := ψ(·, t) is a diffeomorphism onto its
image for every t ∈ [0,min{εhρ2, T}] and
|(ψ−1)∗g − g|g(0) + ρ|∇g(0)((ψ−1)∗g − g)|g(0) < α,
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in Bg(0)(x,
ρ
10 )× [0,min{εhρ2, T}].
Proof. By rescaling g′(t) = ρ−2g(ρ2t), g˜′(t) = ρ−2g˜(ρ2t) and ψ′(·, t) =
ψ(·, ρ2t) we may assume that ρ = 1.
First suppose that x 6∈ ∂M . In harmonic coordinates u in the ball Bg(0)(x, 1)
we may write u ◦ ψ ◦ u−1 = (ψ1, . . . , ψn). Then,
∂ψl
∂t
= gij
∂2ψl
∂xi∂xj
− gijΓkij
∂ψl
∂xk
+ gij(Γ˜lmk ◦ ψ)
∂ψm
∂xi
∂ψk
∂xj
,(4.5)
ψl|t=0 = xl.(4.6)
Observe that by (4.2) there exists εB > 0 such that if u◦ψt◦u−1(B1/8−εB ) ⊂
B1/4 then u ◦ ψt ◦ u−1(B1/8) ⊂ B1/2.
By continuity, there exists a maximal τ ∈ (0,min{1, T}], such that u ◦
ψt ◦ u−1(B1/8) ⊂ B1/2, for every t ∈ [0, τ ]. Hence, ψl are controlled in
Lp(B1/8 × [0, τ ]), for p > n + 2. The assumptions of the lemma imply that
the last term in (4.5),
gij
(
Γ˜lmk ◦ ψ
)∂ψm
∂xi
∂ψk
∂xj
,
is also uniformly controlled in Lp(B1/8 × [0, τ ]).
Parabolic regularity then implies that ψl are controlled in W 2,1p (B1/8−εB ×
[0, τ ]). By the embedding of W 2,1p ⊂ C1+ζ,(1+ζ)/2 for ζ = 1 − n+22 , and
parabolic regularity again, it follows that
(4.7) |ψl|2+ζ,(2+ζ)/2 ≤ C(B)
in B1/8−εB × [0, τ ].
Now, observe that there exists τB ∈ (0,min{1, T}], depending only on C(B),
such that if (4.7) holds in B1/8−εB× [0, τB ] then u◦ψt◦u−1(B1/8−εB ) ⊂ B1/4
for t ∈ [0, τB ]. From the above this gives u ◦ ψt ◦ u−1(B1/8) ⊂ B1/2 for all
t ∈ [0, τB ].Hence, τ ≥ τB .
Finally, it follows from (4.7) that for every α > 0 there is εh = εh(α,B)
small enough so that for all i, j, l
∣∣∣ψl − xl∣∣∣+ ∣∣∣∣∂ψl∂xi − δli
∣∣∣∣+
∣∣∣∣ ∂2ψl∂xi∂xj
∣∣∣∣ < α,
in B1/8−εB × [0, εh], which suffices to prove the result, if εB is chosen small
enough.
18 PANAGIOTIS GIANNIOTIS AND FELIX SCHULZE
If x ∈ ∂M , in addition to (4.5)-(4.6) holding in B1/8 ∩ {xn ≥ 0}, we also
have the following boundary conditions on B1/8 ∩ {xn = 0}:
(4.8)
ψl|{xn=0} = xl, 1 ≤ l ≤ n− 1,
ψn|{xn=0} = 0.
Since g(0) = g˜(0) in a neighbourhood of ∂M and ψ|t=0 = idM it follows
that the compatibility conditions required for the C2+ζ,(2+ζ)/2 estimates
hold. The result then follows arguing as in the interior case. 
Proof of Lemma 3.1. We first recall a direct consequence of Perelman’s pseu-
dolocality theorem and Shi’s local derivative estimates, [33, Corollary A.5]).
There exists εps > 0 depending only on n, such that the following holds: Let
(g(t))t∈[0,T ] be a complete, bounded curvature Ricci flow on an n-dimensional
manifold M . Assume that, for some r > 0 and x0 ∈M ,
2∑
j=0
rj
∣∣(∇g(0))j Rmg(0) ∣∣g(0) ≤ r−2, in Bg(0)(x0, r),(4.9)
Volg(0)(Bg(0)(x0, r)) ≥ (1− εps)ωnrn,(4.10)
then
(4.11)
2∑
j=0
rj|(∇g)j Rm |g(x, t) ≤ (εpsr)−2,
for t ∈ [0,min{T, (εpsρ(x))2}] and x ∈ Bg(0)(x0, εpsr).
Let (M,g(0)) ∈ M(η,Λ, s). For sufficiently small η we can choose β, c0 > 0,
depending only on gc such that the following holds: Let ρ(x) = βrs(x).
Then for all x ∈ {rs ≤ 3/4} the condition (4.9) is fulfilled with r = ρ(x).
Furthermore, for x ∈ {(Λ + 1)√s ≤ rs ≤ 3/4} condition (4.10) is fulfilled
with r = ρ(x).
Moreover, if x ∈ {rs = 3/4}
rhar,g(0)(x) ≥ c0,
and
(4.12) rhar,g(0)(x) ≥ c0ρ(x),
for x ∈ {(Λ + 1)√s ≤ rs ≤ 3/4 − c0/2}, by the lower semicontinuity of the
harmonic radius.
Then by (4.11), for all x ∈ {(Λ + 1)√s ≤ rs ≤ 3/4},
(4.13)
2∑
j=0
(ρ(x))j |(∇g)j Rm |g(x, t) ≤ (εpsρ(x))−2,
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for t ∈ [0,min{T, (εpsρ(x))2}]. Now, using (4.13) and integrating the Ricci
flow equation we estimate
2∑
j=0
(
ρ2+j
∣∣∣∣ ∂∂t(∇g(0))j(g − g(0))
∣∣∣∣
g(0)
)
(x, t) ≤ C(n),
and
(4.14)
2∑
j=0
(
ρj
∣∣∣(∇g(0))j(g − g(0))∣∣∣
g(0)
)
(x, t) ≤ C(n) t
(ρ(x))2
,
for x ∈ {(Λ + 1)√s ≤ rs ≤ 3/4} and t ∈ [0,min{T, (εpsρ(x))2}].
Similarly, since
(1− 2η)g(0) ≤ g˜(0) ≤ (1 + 2η)g(0),
rs
∣∣∇g(0)g˜(0)∣∣
g(0)
+ r2s
∣∣(∇g(0))2g˜(0)∣∣
g(0)
≤ C(ξ1, gc)η
on {(Λ + 1)√s ≤ rs ≤ 3/4}, by the pseudolocality theorem applied to
(N, ge(s+ t))t≥0, we obtain
2∑
j=0
(
ρ2+j
∣∣∣∣ ∂∂t (∇g(0))j(g˜ − g(0))
∣∣∣∣
g(0)
)
(x, t) ≤ C(ξ1, gc),
for x ∈ {(Λ + 1)√s ≤ rs ≤ 3/4} and t ∈ [0,min{T, (εpsρ(x))2}]. Integrating
the Ricci flow equation leads to
(4.15)
2∑
j=0
(
ρj
∣∣∣(∇g(0))j(g˜ − g(0))∣∣∣
g(0)
)
(x, t) ≤ C(ξ1, gc) t
(ρ(x))2
,
for x ∈ {(Λ + 1)√s ≤ rs ≤ 3/4} and t ∈ [0,min{T, (εpsρ(x))2}].
Hence, by Lemma 4.1, for every ε > 0 there is γ(gc, B, β, ε) > 1 large enough
such that(∣∣(Ψ−1)∗g − g∣∣
g(0)
+ rs
∣∣∇g(0)((Ψ−1)∗g − g)∣∣
g(0)
)
(x, t) < ε,
for x ∈ {(Λ + 1)√s ≤ rs ≤ 3/4} and t ∈ [0,min{T, γ−1(rs(x))2}]. Then, at
any such (x, t) we may estimate, by possibly making γ even larger (exploiting
(4.14) and (4.15)) and η smaller
∣∣(ψ−1)∗g − g˜∣∣
g˜
≤ 2
(∣∣(ψ−1)∗g − g∣∣
g(0)
+
∣∣g − g(0)∣∣
g(0)
+ |g˜ − g(0)|g(0)
)
< α
20 PANAGIOTIS GIANNIOTIS AND FELIX SCHULZE
and∣∣∇˜(ψ−1)∗g∣∣
g˜
≤ 2
(∣∣∇˜((ψ−1)∗g − g)∣∣
g(0)
+
∣∣∇˜(g − g˜)∣∣
g(0)
)
,
≤ 2
(∣∣(∇˜ − ∇g(0))((ψ−1)∗g − g)∣∣
g(0)
+
∣∣∇g(0)((ψ−1)∗g − g)∣∣
g(0)
+
∣∣(∇˜ − ∇g(0))(g − g˜)∣∣
g(0)
+
∣∣∇g(0)(g − g˜)∣∣
g(0)
)
≤ C ∣∣∇g(0)g˜∣∣
g(0)
(∣∣(ψ−1)∗g − g∣∣
g(0)
+
∣∣g − g(0)∣∣
g(0)
+
∣∣g˜ − g(0)∣∣
g(0)
)
+ C
(∣∣∇g(0)((ψ−1)∗g − g)∣∣
g(0)
+
∣∣∇g(0)(g − g(0))∣∣
g(0)
+
∣∣∇g(0)(g˜ − g(0))∣∣
g(0)
)
<
α
rs
,
which suffices to prove the theorem. 
Proof of Lemma 2.1. Choosing Λ0 large, |F ∗g0(0)− gc|gc + r|∇gcF ∗g0(0)|gc
becomes small enough in {r ≥ Λ0} so that
2/3 ≤ |∇g0(0)r|g0(0) ≤ 3/2 and |r∆g0(0)r| ≤ 2(n− 1),
since F ∗r = r, |∇gcr|gc = 1 and the mean curvature of the level sets of r is
∆gcr = (n− 1)/r. Moreover, by the quadratic curvature decay we obtain
r2|Rm(g0(0))|g0(0) ≤ C(gc)/2.
Then, using Perelman’s pseudolocality theorem as in the proof of Lemma
3.1, we obtain the result. 
4.2. Estimates in the expanding region. In this section we show that
we can adapt the estimates in [9] to show that control in the conical region
yields control in the expanding region.
Lemma 4.2. Let (N, gN , f) be an asymptotically conical gradient Ricci ex-
pander with positive curvature operator and let (g0(t))t≥0 be the induced Ricci
flow with g0(0) = gN . There exists α0(gN ) > 0 with the following property:
Let Λ ≥ Λ0, γ ≥ 1 and r(x) := 2
√
f(x). Define the interior region
D =
{
(x, t) ∈ N × [0, T ], r(x) ≤ 2
√
γt+ (Λ + 1)2
}
and the annular region
A =
{
(x, t) ∈ N × [0, T ],
√
γt+ (Λ + 1)2 ≤ r(x) ≤ 2
√
γt+ (Λ + 1)2
}
.
Let (g(t))t∈[0,T ] be a solution to the Ricci-DeTurck flow
∂
∂t
g(t) = −2Ric(g(t)) + LW(g(t),g0(t))g(t)
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on D, and assume
H := max
{
sup
D∩{t=0}
|g − g0|g0 , sup
A
(|g − g0|g0 + r|∇g0g|g0)
}
≤ α0.
If D′ = D ∩ {r(x) ≤ 32
√
γt+ (Λ + 1)2}, then
sup
D′
∣∣(t 12∇g0)a(t∂t)b(g − g0)∣∣g0 ≤ Ca,b(gN ),
for any non-negative indices a, b. Furthermore, for every k = 0, 1, . . ., there
exists C ′k = C
′
k(gN ) and 0 < αk(gN ) ≤ α0 such that if H ≤ αk, then
sup
D′
∣∣(t 12∇g0)a(t∂t)b(g − g0)∣∣g0 ≤ C ′kH ,
provided a+ 2b ≤ k.
Proof. Fix a smooth function 0 ≤ ξ2 ≤ 1, identically equal to 1 in [0, 1] and
0 in [2,+∞) and let Cξ2 > 0 be a constant such that
|ξ′2|+ |ξ′′2 | ≤ Cξ2 .
Define the following cut-off function in D:
χ(x, t) = ξ2
(
r(x)
(
γt+ (Λ + 1)2
)−1/2)
.
Since r > Λ0 in A it follows from Lemma 2.1 that |∇g0r|2g0 ≤ 2 and |r∆g0r| ≤
4(n− 1) in A. Hence, we compute
|∇g0(t)χ|2g0(t) ≤
C2ξ2
γt+ (Λ + 1)2
|∇g0(t)r|2g0(t) ≤
C1(ξ2)
t+ γ−1(Λ + 1)2
.
Moreover, we compute
∂tχ = −1
2
ξ′2
(
r(x)
(
γt+ (Λ + 1)2
)−1/2) r(x)√
γt+ (Λ + 1)2
1
t+ γ−1(Λ + 1)2
,
hence |∂tχ| ≤ Cξ2
(
t + γ−1(Λ + 1)2
)−1
, because ξ′2 = 0 in the set {r ≥
2
√
γt+ (Λ + 1)2}.
Similarly, we compute
∆g0(t)χ = ξ
′
2
(
r(x)
(
γt+ (Λ + 1)2
)−1/2) 1√
γt+ (Λ + 1)2
∆g0(t)r
+
1
γt+ (Λ + 1)2
ξ′′2
(
r(x)
(
γt+ (Λ + 1)2
)−1/2)|∇g0(t)r|2g0(t),
hence |∆g0(t)χ| ≤ C2(n, ξ2)
(
t + γ−1(Λ + 1)2
)−1
, because ξ′2 = 0 in {r ≤√
γt+ (Λ + 1)2}. Putting everything together gives
(4.16)
∣∣∇g0(t)χ∣∣2
g0(t)
+ |∂tχ|+ |∆g0χ| ≤
C3(n, ξ2)
t+ γ−1(Λ + 1)2
,
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in D. Moreover, since r(x) ≥ (t+ γ−1(Λ + 1)2)1/2 in A, we obtain
(4.17)
∣∣∇g0(t)g(t)∣∣
g0(t)
≤ H√
t+ γ−1(Λ + 1)2
in A. Now, letting h(t) = g(t) − g0(t), the Ricci-DeTurck flow in D takes
the form
(∂t − Lt)h = R0[h] +∇R1[h],
where
Lthij = ∆g0(t)hij + 2Rm(g0(t))ikljhkl − Ric(g0(t))ikhkj − Ric(g0(t))jkhki,
R0[h] = Rm(g0(t)) ∗ h ∗ h+O(h3) ∗ Rm(g0(t))
+ g−1∗ g−1∗∇g0(t)h ∗ ∇g0(t)h,
∇R1[h] = ∇g0(t)p
((
(g0(t) + h(t))
pq − (g0(t))pq
)∇g0(t)q h),
and O(h3) satisfies |O(h3)|g0(t) ≤ C|h(t)|3g0(t). Also we denote
R1[h] =
(
(g0(t) + h(t))
pq − (g0(t))pq
)∇g0(t)q h.
A direct computation yields the following evolution equation for χ2h:
(∂t − Lt)(χ2h) = χ2R0[h] +∇g0(t)(χ2R1[h])
+
(
2χ∂tχ− 2χ∆g0(t)χ− 2
∣∣∇g0(t)χ∣∣2)h
− 2χ∇g0(t)χ ∗ ∇g0(t)h− 2χ∇g0(t)χ ∗R1[h].
(4.18)
Define
P (x,R) =
{
(y, t) ∈ N × [0,+∞), y ∈ Bg0(t)(x,R), t ∈
[
0, R2
]}
,
Q(x,R) =
{
(y, t) ∈ N × [0,+∞), y ∈ Bg0(t)(x,R), t ∈
[
R2/2, R2
]}
.
Given 0 < T ′ < T , we consider the Banach spaces XT ′ and YT ′ = Y 0T ′+∇Y 1T ′,
with norms defined as follows, as in [9, 18]:
||h||XT ′ = sup
N×[0,T ′]
|h|g0+
sup
(x,R)∈N×(0,
√
T ′)
(
R−
n
2 ||∇g0h||L2(P (x,R)) +R
2
n+4 ||∇g0h||Ln+4(Q(x,R))
)
,
||h||Y 0
T ′
= sup
(x,R)∈N×(0,
√
T ′)
(
R−n||h||L1(P (x,R)) +R
4
n+4 ||h||
L
n+4
2 (Q(x,R))
)
,
||h||Y 1
T ′
= sup
(x,R)∈N×(0,
√
T ′)
(
R−
n
2 ||h||L2(P (x,R)) +R
2
n+4 ||h||Ln+4(Q(x,R))
)
.
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Let
S1[h] = χ
2R0[h] +∇g0(t)(χ2R1[h]),
S2[h] =
(
2χ∂tχ− 2χ∆g0(t)χ− 2
∣∣∇g0(t)χ∣∣2)h
− 2χ∇g0(t)χ ∗ ∇g0(t)h− 2χ∇g0(t)χ ∗R1[h],
as they appear in (4.18).
By (4.16) and (4.17) it follows that S2[h] is supported in A and satisfies
|S2[h]|g0(t) ≤
C4H
t+ γ−1(Λ + 1)2
,
hence, applying Lemma 4.3, we obtain
(4.19) ||S2[h]||YT ′ = ||S2[h]||Y 0T ′ ≤ C(gN )C4H.
To estimate S1[h] we may estimate for the first two terms in χ
2R0[h]:∣∣χ2(h ∗ h+O(h3)) ∗Rm∣∣
g0(t)
≤ Cχ2|h|2g0(t)|Rm(g0(t))|g0(t),
≤ C|χ2h|2g0(t)|Rm(g0(t))|g0(t)
+ Cχ2(1− χ2)|h|2g0(t)|Rm(g0(t))|g0(t),
≤ C|χ2h|2g0(t)|Rm(g0(t))|g0(t)
+
C(gN )Hχ
2(1− χ2)
t+ γ−1(Λ + 1)2
,
(4.20)
since from Lemma 2.1
|Rm(g0)|g0 ≤
C(gN )
r2
≤ C(gN )
γt+ (Λ + 1)2
,
in A.
For the term involving ∇g0(t)h we compute
χ2g−1 ∗ g−1 ∗ ∇g0(t)h ∗ ∇g0(t)h
= χ2(1− χ2)g−1 ∗ g−1 ∗ ∇g0(t)h ∗ ∇g0(t)h
+ g−1 ∗ g−1 ∗ ∇g0(t)(χ2h) ∗ ∇g0(t)(χ2h)
+ g−1 ∗ g−1 ∗ χ2 ∗ ∇g0(t)χ ∗ ∇g0(t)χ ∗ h ∗ h
+ g−1 ∗ g−1 ∗ χ3 ∗ ∇g0(t)χ ∗ ∇g0(t)h ∗ h.
From this we may estimate∣∣χ2g−1 ∗ g−1 ∗ ∇g0(t)h ∗ ∇g0(t)h∣∣
g0(t)
≤ C|∇g0(t)(χ2h)|2g0(t)
+ χ2(1− χ2)|∇g0(t)h|2g0(t) +Cχ2|∇g0(t)χ|2g0(t)|h|2g0(t)
+Cχ3|∇g0(t)χ|g0(t)|∇g0(t)h|g0(t)|h|g0(t).
(4.21)
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Note that the terms in the second and third line are supported in A and
due to (4.16) and (4.17) are bounded by CH/(t + γ−1(Λ + 1)2). Here we
assumed that w.l.o.g. H ≤ 1. Finally, for χ2R1[h] we have
|χ2R1[h]|g0(t) ≤ C|χ2h|g0(t)|∇g0(t)(χ2h)|g0(t) + C|∇g0(t)χ|g0(t)|h|2g0(t)
+ C(1− χ2)χ2|h|g0(t)|∇g0(t)h|g0(t),
(4.22)
where again the last two terms are supported in A and due to (4.16) and
(4.17) are bounded by CH2/(t + γ−1(Λ + 1)2)1/2. Thus combining (4.20),
(4.21) and (4.22) and using Lemma 4.3, together with the estimate from
Lemma 3.1 in [9], we can estimate
||S1[h]||YT ′ ≤ C(||χ2h||2XT ′ +H) .
We can use this estimate, together with (4.19), to apply the main estimate,
Theorem 6.1 in the stability result of Deruelle-Lamm, [9], to obtain
||χ2h||XT ′ ≤ C(||χ2h||2XT ′ +H).
Therefore, for every T ′ ≤ T such that ||χ2h||XT ′ ≤ 12C we have
||χ2h||XT ′ ≤ CH.
Thus, if max{H,CH} < 1/(2C) it follows that
||χ2h||XT ≤ CH,
since
lim
T ′→0
(||χ2h||XT ′ − sup
N×[0,T ′]
|χ2h|g0) = 0 and lim
T ′→0
sup
N×[0,T ′]
|h|g0 ≤ H.
The decay estimates follow by a local argument and scaling. We split them
in several steps.
Claim 1: There exists 0 < r0 < 1, ε0 > 0 and constants Ca,b > 0 such that
the following holds: Let x0 ∈ N, t0 ∈ (0, 1], 0 < r < min(
√
t0, r0) and g(t) a
solution to Ricci-DeTurck flow with background g0(t) on
C(x0, t0, r) :=
⋃
t∈(t0−r2,t0)
Bg0(t)(x0, r)× {t}
with |g(t) − g0(t)|g0 ≤ ε0. Then∣∣(r∇g0)a(r2∂t)b(g − g0)∣∣g0(x0, t0) ≤ Ca,b .
Furthermore, for every k ∈ N there exists 0 < εk ≤ ε0, such that if ad-
ditionally |g(t) − g0(t)|g0 ≤ εk on C(x0, t0, r), then there exists a constant
C ′a,b > 0∣∣(r∇g0)a(r2∂t)b(g − g0)∣∣g0(x0, t0) ≤ C ′a,b sup
C(x0,t0,r)
∣∣g(t) − g0(t)∣∣g0 ,
provided a+ 2b ≤ k.
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We can assume that r0 is sufficiently small, such that g0(t) is well controlled
in a suitable coordinate system in Bg0(0)(p0, r0) for 0 ≤ t ≤ 1. The estimate
then follows from local estimates for the Ricci-De Turck flow, see [2, Propo-
sition 2.5].
Claim 2: There exists 0 < δ < 1, independent of γ and Λ, such that for
any (x, t) ∈ D′ we have
C(x, t, (δt)1/2) ⊂ D .
Note first the following basic estimate
3
2
√
γt+ (Λ + 1)2 +
√
t/16 ≤ 3
2
√
γt+ (Λ + 1)2 +
√
γt/16
≤ 3
2
√
γt+ (Λ + 1)2 +
1
4
√
γt+ (Λ + 1)2
= 2
√
49
64
γt+
49
64
(Λ + 1)2 ≤ 2
√
49
64
γt+ (Λ + 1)2.
Let (x, t) ∈ D′. By Lemma 2.1, the function r satisfies
1
2
≤ |∇g0(t)r|g0(t) ≤ 2
in {r(x) ≥
√
γ0t+ Λ
2
0}. This, together with the previous estimate, implies
there exists a δ > 0 such that
Bg0(t′)(x, (δt)
1/2) ⊂
{
r ≤ 3
2
√
γt+ (Λ + 1)2 +
√
t/16
}
⊂
{
r ≤ 2
√
γt′ + (Λ + 1)2
}
where t′ ∈ ((1− δ)t, t) ⊂ ((49/64)t, t).
Decay estimates in D′: In the case that 0 < t < 1, the estimates follow
directly from claim 1 and 2. Fix a point (x0, t0) ∈ D′. We can assume
that 1 < t0 ≤ T . Let λ := 2/(t0 + 1). Recall that we denote with ϕt
the diffeomorphisms which generate the Ricci flow ge(t) = tϕ
∗
t gN of the
expanding gradient soliton. We define
gλ(t) = λϕ∗λg(λ
−1(t+ 1)− 1) .
Note that this scaling is chosen such that gλ0 (t) = g0(t). This implies that
gλ solves Ricci-DeTurck flow with background g0(t) on
Dλ =
{
(x, t) ∈ ϕλ−1
{
r(x) ≤ 2
√
γ((t+ 1)/λ− 1) + (Λ + 1)2
}
⊂ N × [0, 1]
}
and the point (x′0, 1), where x
′
0 := φλ−1(x), corresponds to (x0, t0) under
this scaling. By claim 2 we see that
Dλ ⊃ C(x′0, 1, (δλt0)1/2) ⊃ C(x′0, 1, δ1/2) .
We can thus apply claim 1 to obtain∣∣(∇g0)a(∂t)b(gλ − g0)∣∣g0(x′0, 1) ≤ C˜a,b
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where C˜a,b = δ
−(a/2+b)Ca,b. Similarly
∣∣(∇g0)a(∂t)b(gλ − g0)∣∣g0(x′0, 1) ≤ C ′′a,b sup
C(x′0,1,δ1/2)
∣∣gλ(t)− g0(t)∣∣g0 ,
where C ′′a,b = δ
−(a/2+b)C ′a,b.
Since the norms are invariant under the diffeomorphism ϕλ, we obtain the
desired estimates at (x0, t0) by scaling back to g(t). 
Lemma 4.3. Let (N, gN , f) be an asymptotically conical gradient Ricci ex-
pander with positive curvature operator and let (g0(t))t≥0 be the induced Ricci
flow with g0(0) = gN . There is a C(gN ) > 0 such that for every Λ ≥ Λ0 the
following holds. Define
A =
{
(x, t) ∈ N × [0, T ],
√
γt+ (Λ + 1)2 ≤ r(x) ≤ 2
√
γt+ (Λ + 1)2
}
for some γ ≥ 1, where r(x) := 2√f(x). Then, if the tensors h1, h2 are
supported in A and satisfy |h1|g0(t) + |h2|2g0(t) ≤ Dt+γ−1(Λ+1)2 then
||h1 +∇g0(t)h2||YT ≤ C(gN )D.
Remark 4.1. The importance of Lemma 4.3 is that the constant C(gN ) does
not depend on Λ or γ.
Proof. We begin by estimating the terms in the norms of Y 0T ′ and Y
1
T ′ in
two different cases. We will only present the computations for the norm
of h := h1 in Y
0
T ′ since the norm of h2 in Y
1
T ′ can be treated in a similar
way. In the following C(gN ) will denote a constant that depends only on
the expander and is allowed to change from line to line.
To estimate the first term in ||h||Y 0
T ′
, consider, first, the following cases
regarding P (x,R):
• P (x,R) ∩A ⊂ {t ≤ c1γ−1R2} ∪ {t ≤ c1γ−1(Λ + 1)2}
R−n
∫
P (x,R)
|h(t)|g0(t) dµg0(t) dt ≤
≤ DR−n
∫ c1 max{R,Λ+1}2
γ
0
∫
Bg0(t)(x,R)∩(A∩N×{t})
1
t+ (Λ+1)
2
γ
dµg0(t) dt.
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Now, for R ≥ Λ+ 1 we estimate
(4.23)
R−n
∫
P (x,R)
|h(t)|g0(t) dµg0(t) dt ≤
≤ C(gN )DR−n
∫ c1R2
γ
0
(γt+ (Λ + 1)2)
n
2
t+ γ−1(Λ + 1)2
dt,
≤ C(gN )DR−nγ
n
2

∫ c1R2γ
0
(
t+ γ−1(Λ + 1)2
)n
2
−1
dt

 ,
≤ C(gN )(c1 + 1)
n
2D,
since Volg0(t)(A∩ (N × {t})) ≤ C(gN )(γt+ (Λ+ 1)2)
n
2 from Lemma
2.1.
For R < Λ+ 1 we estimate as follows
(4.24)
R−n
∫
P (x,R)
|h(t)|g0(t) dµg0(t) dt ≤
≤ C(gN )D
∫ c1(Λ+1)2
γ
0
dt
t+ γ−1(Λ + 1)2
≤ C(gN ) log(c1 + 1)D,
where we also use that Volg0(t)(Bg0(t)(x,R)) ≤ C(gN )Rn, which fol-
lows again from Lemma 2.1.
• P (x,R) ∩A ⊂ {αR2m ≤ t ≤ αR2}, for some α ∈ (0, 1]. Then,
(4.25)
R−n
∫
P (x,R)
|h(t)|g0(t) dµg0(t) dt ≤
≤ R−n
∫ αR2
αR2
m
∫
Bg0(t)(x,R)
|h(t)|g0(t) dµg0(t) dt
≤ DC(gN )
∫ αR2
αR2
m
dt
t
= DC(gN ) logm.
For the second term in the definition of the norm of Y 0T ′ we can estimate
directly:
(4.26)
R
4
n+4
(∫
Q(x,R)
|h|n+42 dµg0(t) dt
) 2
n+4
≤
≤ DR 4n+4
(∫ R2
R2
2
C(gN )R
n
(t+ γ−1(Λ + 1)2)
n+4
2
dt
) 2
n+4
≤ DC(gN ).
Now, recall the distance distortion estimate (2.8) from Section 2:
dg0(0)(x, y)− C(gN )
√
t ≤ dg0(t)(x, y).
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It implies that for K = 1 + C(gN ), and every x ∈ N and t ∈ [0, R2],
Bg0(t)(x,R) ⊂ Bg0(0)(x,KR),
hence P (x,R) ⊂ Pˆ (x,R) := Bg0(0)(x,KR)× [0, R2].
Define
S(x,R) = {r(x)− 2KR ≤ r ≤ r(x) + 2KR} × [0, R2],
S(Λ, R) = {r ≤ 4(Λ + 1) + 4KR} × [0, R2],
and recall that
(4.27)
1
2
≤ |∇g0(0)r|g0(0) < 2
in {r ≥ Λ}, by Lemma 2.1, since Λ ≥ Λ0
We distinguish the following cases:
(1) Pˆ (x,R) ⊂ S(Λ, R) : In this case let
t0 = max{t ∈ [0, R2], A ∩ S(Λ, R) ∩ (N × {t}) 6= ∅}.
Then,
t0 ≤ (4(Λ + 1) + 4KR)
2
γ
≤ (4 + 4K)2R
2
γ
, if R ≥ Λ + 1
≤ (4 + 4K)2 (Λ + 1)
2
γ
, if R < Λ+ 1,
and the result follows from estimates (4.23)-(4.24) and (4.26).
(2) Pˆ (x,R) 6⊂ S(Λ, R) : In this case we can use (4.27) to conclude that
r(x)− 2KR ≥ 4(Λ + 1) > Λ and Pˆ (x,R) ⊂ S(x,R).
We may define
tin = min{t ∈ [0, R2], S(x,R) ∩A ∩ (N × {t}) 6= ∅},
tout = max{t ∈ [0, R2], S(x,R) ∩A ∩ (N × {t}) 6= ∅},
and note that tin > 0.
Let α ∈ (0, 1] such that tout = αR2. From√
γtout + (Λ + 1)2 ≥ r(x) + 2KR
it follows that
r(x) ≥ (√γα− 2K)R.
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Then, using r(x)− 2KR = 2
√
γtin + (Λ + 1)2 we conclude that
(4.28)
tin ≥ 1
4γ
(
√
γα− 4K)2R2 − (Λ + 1)
2
γ
=
αR2
4
(
(
√
γα− 4K)2 − 4(Λ+1)2R2
γα
)
.
Notice that if α > γ−1max{(8(1+C(gN )))2, 32R−2(Λ+1)2} it follows
that tin ≥ tout32 , and the result follows from estimates (4.25)-(4.26).
In any other case, either tout ≤ Cγ−1R2 or tout ≤ Cγ−1(Λ + 1)2,
therefore the result follows from estimates (4.23)-(4.24) and (4.26).

Proof of Lemma 3.2. Suppose that (M,g(0)) ∈ M(α,Λ, s). Observe that
the following identities hold regarding Q = Φs ◦ ϕ−1s :
Q∗rs =
√
sr,
s−1Q∗g˜(st) = g0(t) in
{
r ≤ 1
2
√
s
}
.
Denoting G(t) = s−1Q∗gˆ(st) we obtain by the assumption on Dconeγ,Λ+1,s that
|G(t) − g0(t)|g0(t) + r|∇g0(t)G(t)|g0(t) ≤ Q∗(|gˆ − g˜|g˜ + rs|∇˜gˆ|g˜)(st) < α,
in
{
r ≥ √γt+ (Λ + 1)2} = Q−1({√γst+ s(Λ + 1)2 ≤ rs ≤ 3/4}) for any
t ∈ [0, s−1max{(32γ)−1, T}].
Moreover, ∣∣G(0) − g0(0)∣∣g0(0) = Q∗(|g(0) − g˜(0)|g˜(0)) < α
in {r ≤ 2(Λ + 2)}, since (M,g(0)) ∈ M(α,Λ, s).
Therefore, by Lemma 4.2, for every ε > 0 there is α0(gN , ε, k) > 0 such that
if α ≤ α0 then
sup
D′
∣∣(t∂t)a(t 12∇g0(t))b(G(t)− g0(t))∣∣g0(t) < ε,
for any non-negative indices a, b with a+ 2b ≤ k, where D′ is as in Lemma
4.2. Hence ∣∣(t∂t)a(t 12 ∇˜)b(gˆ(t)− g˜(t))∣∣g˜(t)(x) < ε,
for (x, t) ∈ M × [0,max{(32γ)−1, T}] satisfying rs(x) ≤ 32
√
γt+ s(Λ + 1)2,
which suffices to prove the theorem. 
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5. Flowing metrics with conical singularities
The aim of this section is to prove Theorem 1.1 in the case of one conical
singularity at z1 ∈ Z modeled on the cone (C(Sn−1), gc = dr2 + r2g1),
with Rm(g1) ≥ 1 and Rm(g1) 6≡ 1, denoting the coordinate around z1 of
Definition 1.1 by φ. Since the arguments are local, the case of more than
one singular points can be treated similarly. Then, we proceed to prove
Theorem 1.3.
Let (N, gN , f) be the unique expander asymptotic to (C(S
n−1), gc) given by
[7]. Recall that it has strictly positive curvature operator, by Lemma 2.1.
Moreover, let κ > 0 and Λ1 ≥ Λ0 be small and large constants respectively,
which will be determined later in the course of the proof. By rescaling we
may assume that r0 = 1 and kZ(r) < κ for r ∈ (0, 1].
5.1. The approximating sequence. Given any s ∈ (0, 12 ] let Zs = Z \
φ((0, s1/4)×X) and rs as in Section 2. Define the diffeomorphic manifolds
Ms =
Zs
⊔{rs ≤ 1}
{φ(r, q) = Fs(r, q), r ∈ [s1/4, 1]}
,
equipped with the natural embeddings Φs : {rs ≤ 1} →Ms, Ψs : Zs →Ms.
Also, define rs :Ms → [0, 1] as
rs(x) =


Λ1
√
s, x ∈ Φs({rs ≤ Λ1
√
s}),
(Φ−1s )∗rs, x ∈ Φs({Λ1
√
s ≤ rs ≤ 1}),
1, x ∈Ms \ ImΦs.
and note that
(5.1) rs = ((Ψs ◦ φ)−1)∗r
in ImΦs ∩ ImΨs.
Let ξ3 be a smooth, positive and non-increasing function equal to 1 in
(−∞, 1] and 0 in [2,+∞). Now, we may define a Riemannian metric Gs
on Ms as follows
Gs = ξ3(rs/s
1/4)(Φ−1s )
∗ge(s) + (1− ξ3(rs/s1/4))(Ψ−1s )∗gZ .
In particular
(5.2) Gs =
{
(Ψ−1s )∗gZ in {rs ≥ 2s1/4},
(Φ−1s )∗ge(s) in {rs ≤ s1/4}.
5.2. Uniform almost conical behaviour. By the definition of Gs it fol-
lows that there is A such that
max
{rs=1}
|Rm(Gs)|Gs ≤ A.
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Let η0 = η0(gN ) be given by Theorem 3.1. Then, choosing κ small and Λ1
large we obtain (Ms, Gs) ∈ M(η0,Λ1, s). For this, recall the computation
(2.6) and observe that, since Φs ◦ Fs = φ in {s1/4 ≤ rs < 1},
(5.3)
(Φs ◦ Fs)∗Gs − gc =
= ξ3(rs/s
1/4)(F ∗s ge(s)− gc) + (1− ξ3(rs/s1/4))(φ∗gZ − gc),
and that the support of (∇gc)jξ3(rs/s1/4), j ≥ 1, is contained in {rs ≥ s1/4}.
5.3. Taking the limit. By Corollary 3.1, there exist T,CRm > 0 such
that for small s the following hold for the Ricci flows (hs(t))t∈(0,T ] with
hs(0) = Gs:
max
Ms
|Rm(hs(t))|hs(t) ≤
CRm
t
, for t ∈ (0, T ],(5.4)
max
Ms
2∑
j=0
rj+2s |(∇hs(t))j Rm(hs(t))|hs(t) ≤ CRm, for t ∈ [0, T ].(5.5)
Moreover,
Volhs(t)(Bhs(t)(x, 1)) ≥ v0, for t ∈ [0, T ],
for some x ∈ {rs = 1} due to (5.5).
Now, take any sequence sl ց 0 and write Ml = Msl , Gl = Gsl and
hl(t) = hsl(t). By Hamilton’s compactness theorem applied to the se-
quence (Ml, hl(t))t∈[0,T ] we can obtain a compact and smooth Ricci flow
(M,g(t))t∈(0,T ] as a subsequential limit. Namely, there exist diffeomorphisms
Hl :M →Ml such that
(5.6) H∗l hl(t)→ g(t)
uniformly locally in M × (0, T ] in the C∞ topology.
5.4. The map Ψ. Let Ψ˜l = H
−1
l ◦Ψl : Zl := Zsl →M . We will prove that
there exists a map Ψ : Z \ {z1} → M , diffeomorphism onto its image, such
that Ψ˜l converges to Ψ in C
∞ uniformly away from z1. Since M is compact
and Zl ⊂ Zl+1 exhaust Z \{z1}, it suffices to obtain derivative estimates for
Ψ˜l and Ψ˜
−1
l with respect to fixed metrics on Z \ {z1} and M .
First, observe that around any p ∈ Zl and Ψl(p) ∈ Im (Ψl) there are local
coordinates {xk}k=1,...,n and {yk}k=1,...,n respectively, so that
(5.7) xk = Ψ∗l y
k,
and
(5.8)
2−1δ ≤ gZ ≤ 2δ, 2−1δ ≤ hl(0) ≤ 2δ,∣∣∣∣ ∂j(gZ)pq∂xk1 · · · ∂xkj
∣∣∣∣ ≤ Cj,l,
∣∣∣∣ ∂jhl(0)pq∂yk1 · · · ∂ykj
∣∣∣∣ ≤ Cj,l,
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for all j, since Ψ∗l hl(0) = gZ in Zl, by (5.2). Here δ denotes the Euclidean
metric in the corresponding coordinates.
Applying (5.2), Perelman’s pseudolocality theorem and Shi’s local derivative
estimates to (hl(t))t∈[0,T ), as in the proof of Lemma 3.1, together with the
bound (5.4), we obtain the following: for every l0 and any non-negative
index j there exist Cj,l0 such that for l ≥ l0
|(∇hl(t))j Rm(hl(t))|hl(t) ≤ Cj,l0 ,(5.9)
in Im (Ψl|Zl0 ) ⊂ {rl ≥ 2s
1/4
l0
} and t ∈ [0, T ]. Thus, in Im (Ψl|Zl0 ),
(5.10)
Q−1l0 hl(0) ≤ hl(T ) ≤ Ql0hl(0)∣∣∣∣ ∂jhl(T )pq∂yk1 · · · ∂ykj
∣∣∣∣ ≤ Qj,l0 ,
for any l ≥ l0 and non-negative j.
Then (5.7), (5.8) and (5.10) imply that∣∣∣(∇gZ ,hl(T ))jΨl|Zl0
∣∣∣
gZ ,hl(T )
≤ C ′j,l0∣∣∣(∇hl(T ),gZ )jΨ−1l |Ψl(Zl0 )
∣∣∣
hl(T ),gZ
≤ C ′j,l0,
for any non-negative j.
Finally, since H∗l hl(T )→ g(T ), we obtain∣∣∣(∇gZ ,g(T ))jΨ˜l|Zl0
∣∣∣
gZ ,g(T )
≤ C ′′j,l0∣∣∣(∇g(T ),gZ )jΨ˜−1l |Ψ˜l(Zl0 )
∣∣∣
g(T ),gZ
≤ C ′′j,l0 ,
for any non-negative j. The existence of Ψ follows from Arzela`–Ascoli.
5.5. Curvature bounds for the limit. Since (Ml, hl(t))t∈(0,T ] satisfy (5.4),
it is clear that g(t) satisfies
(5.11) |Rm(g(t))|g(t) ≤
CRm
t
on M × (0, T ].
Now, notice that H∗l rl = (Ψ
−1
l ◦Hl)∗(φ−1)∗r in (H−1l ◦Ψl)(Zl), by (5.1). By
Ψ˜−1l → Ψ−1 it follows that
(5.12) H∗l rl → (Ψ−1)∗[(φ−1)∗r],
in C∞loc,g(T )(ImΨ). Recall that φ parametrises the conical region in Z.
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Let rM be the continuous function on M defined as
rM =


[(Ψ ◦ φ)−1]∗r in Im (Ψ ◦ φ),
0 in (ImΨ)c,
1 otherwise.
By (5.5) and (5.12) it follows that g(t) satisfies
(5.13) max
M
2∑
j=0
rj+2M |(∇g(t))j Rm(g(t))|g(t) ≤ CRm,
in M × (0, T ].
5.6. Uniform convergence to the initial data, away from the singu-
lar point. Observe that
Ψ∗l hl(t) = (Ψ˜l)
∗(H∗l hl(t))(5.14)
Ψ∗l hl(0) = gZ .(5.15)
Since Ψ˜l → Ψ and H∗l hl(t)→ g(t), (5.14) implies that Ψ∗l hl(t)→ Ψ∗g(t).
Finally, the curvature bound (5.9) and relation (5.15) imply that Ψ∗g(t)
converges to gZ as t→ 0, in C∞loc.
5.7. Closeness to expander improves in small scales. We will need
the following lemma regarding the flows (Ms, hs(t))t∈(0,T ].
Lemma 5.1. For every ε > 0 and integer k ≥ 0, there exist positive
λ1(ε, k), s2(ε, k) small and γ3(ε, k),Λ2(ε, k) large such that the following
holds. For each s ∈ (0, s2], γ ≥ γ3 and t ∈ (0, λ1(32γ)−1] there is a map
Qs,t :
{
rs ≤ 5
4
√
γt+ s(Λ2 + 1)2
}
→ N,
diffeomorphism onto its image, such that for all non-negative integers j ≤ k,
(t+ s)j/2
∣∣(∇ge(t+s))j [(Q−1s,t )∗hs(t)− ge(t+ s)]∣∣ge(t+s) < ε,
in ImQs,t and
{
rs ≤
√
γt
} ⊂ ImQs,t ⊂ {rs ≤ 32√γt+ s(Λ2 + 1)2}.
Remark 5.1. In the above statement we can assume w.l.o.g that γ3(ε, k) ≥
(Λ2(ε, k) + 1)
2.
Proof. Given any ε > 0, let η1 = η1(gN , ε, k) be the constant provided by
Theorem 3.1.
Since limr→0 kZ(r) = limr→+∞ kexp(r) = 0, there are λ1(ε) > 0 small and
Λ2(ε) > 0 large such that
kZ(r) < η1, for r ∈ (0, λ1/21 ],
kexp(r) < η1, for r ≥ Λ2.
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Moreover, set s2(ε, k) = min
{
2−4λ21,
(
2(Λ2 + 1)
)−4}
, we have
2(Λ2 + 1)
√
s ≤ s1/4 < 2s1/4 ≤ λ1/21 ,
for every s ∈ (0, s2].
By construction of (Ms, Gs) it follows that (Ms, λ
−1
1 Gs) ∈ M(η1,Λ2, s/λ1)
for any s ∈ (0, s2], with associated map Φs/λ1 = Φs ◦ ϕλ−11 and function
rs/λ1 = max{Λ2
√
s/λ1,min{λ−1/21 rs, 1}}.
Theorem 3.1 implies that there is γ1 > 1 such that for every γ ≥ γ1 and
τ ∈ (0, (32γ)−1] the metric λ−11 hs(λ1τ) is ε-close to ge(τ + s/λ1) in{
rs/λ1 ≤
√
γτ + sΛ22/λ1
}
=
{
rs ≤
√
γλ1τ + sΛ
2
2
}
.
Then, for every t ∈ (0, λ1(32γ)−1] apply the above for τ = t/λ1 to prove the
lemma for γ3 = γ1. 
5.8. Diameter control of high curvature region of g(t). We will prove
the following lemma.
Lemma 5.2 (High curvature-small diameter). There exists c0 > 0 with
the following property: for small ζ > 0 there exists Cζ > 0 such that if
t ∈ (0, c0ζ] then
diamg(t)
({rM ≤ √γt}) ≤ Cζ√t,
|Rm(g(t))|g(t) <
ζ
t
in {rM >
√
γt},
where Cζ = C(gN )C
1/2
Rmζ
−1/2 and γ = CRmζ−1.
Proof. Fix ε = 10−2. By (5.13) and putting k = 0 in Lemma 5.1 we can
find Λ2, λ1 such that, if γ = CRmζ
−1 and ζ is small then:
• For large l and each t ∈ (0, λ1(32γ)−1] there exists
Ql,t :
{
rl ≤ 5
4
√
γt+ sl(Λ2 + 1)2
}
→ N
satisfying ∣∣(Q−1l,t )∗hl(t)− ge(t+ sl)∣∣ge(t+sl) < 10−2
in ImQl,t ⊂
{
rl ≤ 32
√
γt+ sl(Λ2 + 1)2
}
.
• |Rm(g(t))|g(t) ≤ CRmr2M <
CRm
γt =
ζ
t in {rM >
√
γt} provided that
t ∈ (0, λ1(32γ)−1].
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By the closeness to the expander we obtain:
diamhl(t)
({
rl ≤
√
γt+ sl(Λ2 + 1)2
}) ≤ diam(Q−1l,t )∗hl(t)(ImQl,t)
≤ (1.01)1/2 diamge(t+sl)(ImQl,t)
≤ (1.01)1/2 diamge(t+sl)
({
rl ≤ 3
2
√
γt+ sl(Λ2 + 1)2
})
.
Working on the expander we compute, using Lemma 5.3 below for the last
inequality,
(5.16)
diamge(t+sl)
({
rl ≤ 3
2
√
γt+ sl(Λ2 + 1)2
})
=
√
t+ sl diamϕ∗t+slgN
({
rl ≤ 3
2
√
γt+ sl(Λ2 + 1)2
})
=
√
t+ sl diamϕ∗t+slgN
(
ϕ−1sl
({
r ≤ 3
2
√
γ
t
sl
+ (Λ2 + 1)2
}))
=
√
t+ sl diamgN
(
ϕ1+ t
sl
({
r ≤ 3
2
√
γ
t
sl
+ (Λ2 + 1)2
}))
≤ Cζ
√
t+ sl,
where Cζ = C(gN )C
1/2
Rmζ
−1/2.
Now note that
(5.17)
diamhl(t)
({
rl ≤
√
γt+ sl(Λ2 + 1)2
})
= diamH∗l hl(t)
({
H∗l rl ≤
√
γt+ sl(Λ2 + 1)2
})
= diamH∗l hl(t)
({
H∗l (Ψ
−1
l )
∗(φ−1)∗r ≤
√
γt+ sl(Λ2 + 1)2
})
= diamH∗l hl(t)
({
(Ψ−1l ◦Hl)∗(φ−1)∗r ≤
√
γt+ sl(Λ2 + 1)2
})
,
where we also used (5.1).
Since H∗l hl(t)→ g(t) and Ψ−1l ◦Hl → Ψ−1, it follows that
diamg(t)({rM ≤
√
γt}) ≤ Cζ
√
t.

Lemma 5.3. Let (N, gN , f) be a gradient Ricci expander with bounded cur-
vature. Denote by Rinf , Rsup the infimum and supremum of the scalar cur-
vature respectively and suppose f is normalised so that |∇f |2 = f+Rinf−R.
Let r = 2
√
f and ϕ1+u be the associated family of diffeomorphisms. Then,
if γ ≥ (Λ + 1)2 ≥ 32(Rsup −Rinf ), then
(5.18) ϕ1+u
({
r ≤ 3
2
√
γu+ (Λ + 1)2
})
⊂ {r ≤√8γ},
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for all u ≥ 0 and
(5.19) ϕ1+u
({
r ≤ 1
2
√
γu+ (Λ + 1)2
})
⊃ {r ≤√γ/8},
for u ≥ 1.
Proof. First note that the normalisation of f implies that
f = |∇f |2 +R−Rinf ≥ 0,
and f > 0 away from the critical points of f .
By (2.2) it follows that
(5.20)
d
du
f ◦ ϕ1+u = − 1
1 + u
|∇f |2 ◦ ϕ1+u.
In order to prove (5.19) note that, since |∇f |2 = f + Rinf − R ≤ f , (5.20)
becomes
d
du
f ◦ ϕ1+u ≥ − 1
1 + u
f ◦ ϕ1+u.
Integrating this inequality we immediately obtain that
(5.21) f ◦ ϕ1+u(x) ≥ f(x)
1 + u
,
for all x ∈ N with ∇f(x) 6= 0 and u ≥ 0.
Thus, if x is such that r(x) ≥ 12
√
γu+ (Λ + 1)2 it follows that
(5.22) r(ϕ1+u(x)) ≥ 1
2
√
2
(Λ + 1),
for 0 ≤ u ≤ 1 and
(5.23) r(ϕ1+u(x)) ≥
√
γ/8,
for u ≥ 1, which proves (5.19).
On the other hand |∇f |2 ≥ f − C(gN ), where C(gN ) = Rsup − Rinf > 0,
hence (5.20) becomes
d
du
f ◦ ϕ1+u ≤ − 1
1 + u
(f − C(gN )) ◦ ϕ1+u.
Hence, as long as f ◦ ϕ1+u(x) ≥ C(gN ), f ◦ ϕ1+u(x) is non-increasing in u
and
(5.24) f ◦ ϕ1+u(x) ≤ 1
1 + u
(f(x)− C(gN )) + C(gN ).
Thus, if x is such that r(x) = 32
√
γu+ (Λ + 1)2 and γ ≥ (Λ+1)2 ≥ 32C(gN ),
by (5.22) and (5.23):
f ◦ ϕ1+u(x) ≥
{
γ/32, if u ≥ 1
(Λ + 1)2 /32, if 0 ≤ u ≤ 1 ≥ C(gN )
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for u ≥ 0. Hence, by (5.24) and γ ≥ (Λ + 1)2 ≥ 32C(gN ),
f ◦ ϕ1+u(x) ≤ 1
1 + u
f(x) +C(gN )
≤ 9
16
(γ + (Λ + 1)2) + C(gN )
≤ 2γ.
It follows that r ◦ ϕ1+u(x) ≤
√
8γ, which proves (5.18). 
5.9. Gromov–Hausdorff convergence to the initial data. In this sec-
tion we prove that for every ε > 0 the map Ψ : Z\{z1} →M is an ε-isometry
between (Z\{z1}, dZ) and (M,g(t)) for small t, which implies that (M,dg(t))
converges to (Z, dZ) in the Gromov–Hausdorff sense as t→ 0.
The result follows immediately from the following two lemmata:
Lemma 5.4 (Distortion estimate). For every ε > 0 there exists δ1, t1 > 0,
such that the map
(5.25) Ψ : {r ≥ δ1} → {rM ≥ δ1},
satisfies
(5.26) sup
{|dg(t)(Ψ(z1),Ψ(z2))− dZ(z1, z2)|, z1, z2 ∈ {r ≥ δ1}} < 3ε,
for every t ∈ (0, t1], and diam({r ≤ δ1}) < ε.
Proof. Take δ1 > 0 such that the intrinsic (hence also the extrinsic) diameter
(5.27) diamgZ ({r = δ1}) < ε.
By the uniform convergence away from z1, as t→ 0, it follows that
(5.28) diamg(t)({rM = δ1}) < ε
for small t.
We will use dgZ ,δ1 to denote the intrinsic metric in {r ≥ δ1} induced by gZ ,
and similarly dg(t),δ1 for the intrinsic metric in {rM ≥ δ1} induced by g(t).
By (5.27) and (5.28), it follows that for every z1, z2 ∈ {r ≥ δ1}
|dgZ ,δ1(z1, z2)− dZ(z1, z2)| < ε,(5.29)
|dg(t),δ1(Ψ(z1),Ψ(z2))− dg(t)(Ψ(z1),Ψ(z2))| < ε.(5.30)
To see this, note for instance that
dgZ (z1, z2) ≤ dgZ ,δ1(z1, z2) ≤ dgZ (z1, {r = δ1}) + dgZ (z2, {r = δ1}) + ε.
Moreover, if
dgZ (z1, {r = δ1}) + dgZ (z2, {r = δ1}) > dgZ (z1, z2)
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then dgZ (z1, z2) = dgZ ,δ1(z1, z2). For, if dgZ (z1, z2) < dgZ ,δ1(z1, z2), then
there is a path connecting z1, z2 escaping {r ≥ δ1}, hence
dgZ (z1, z2) > dgZ (z1, {r = δ1}) + dgZ (z2, {r = δ1}),
which is a contradiction. This proves (5.29), and (5.30) is similar.
By the uniform convergence away from z1, as t→ 0, it also follows that for
small t
(5.31) |dgZ ,δ1(z1, z2)− dg(t),δ1(Ψ(z1),Ψ(z2))| < ε,
uniformly for all z1, z2 ∈ {r ≥ δ1}. The result follows from the triangle
inequality, combining (5.29)-(5.31), having possibly made δ1 > 0 smaller in
order to achieve diam({r ≤ δ1}) < ε.

Lemma 5.5 (ImΨ is an ε-net). For every ε > 0 and small enough δ2, t2 > 0
(5.32) diamg(t)({rM ≤ δ2}) < ε,
for every t ∈ (0, t2].
Proof. Let c0 be the constant given by Lemma 5.2. Then, since
c0CRm
r20
> 1
for small r0, it follows that t ∈ (0, c0CRmr20 t] hence we can apply Lemma 5.2
for ζ = CRmt
r20
to obtain
diamg(t)({rM ≤ r0}) ≤ C(gN )r0,
for small t, which proves the lemma. 
5.10. Tangent flow at the conical point. Take any sequence of times
tk ց 0. It follows from the convergence (5.6) that there is a sequence lk
such that for any non-negative index j ≤ k
t
j/2
k |(∇g)j(g −H∗lkhlk)|g(tk) < 1/k and slk/tk → 0.
Let γk = γ3(1/k, k), Λk = Λ2(1/k, k) and λk = λ1(1/k, k) as given by
Lemma 5.1 and set τk = λk(32γk)
−1. Passing to a subsequence if necessary,
we may assume that tk < τk and slk < s2(1/k, k).
By Lemma 5.1, there exist
Qk :
{
rlk ≤
√
γktk + slk(Λk + 1)
2
}
→ N,
diffeomorphisms onto their image, such that for j ≤ k
(tk + slk)
j/2
∣∣(∇ge(tk+slk ))j((Q−1k )∗hlk(tk)− ge(tk + slk))∣∣ge(tk+slk) < 1/k
in ImQk. Thus, setting Rk = (Qk ◦Hlk)−1, we obtain
t
j/2
k
∣∣(∇ge(tk+slk ))j(R∗kg(tk)− ge(tk + slk))∣∣ge(tk+slk ) < C/k
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in ImQk, for large k. Moreover, since
t−1k ge(tk + slk) = (1 +
slk
tk
)ϕ∗tk+slk gN ,
we conclude that∣∣(∇gN )j((Rk ◦ ϕ−1tk+slk )∗t−1k g(tk)− (1 + slk/tk)gN )∣∣gN < C/k
in ϕtk+slk (ImQk).
Putting Gk = (Rk ◦ ϕ−1tk+slk )
∗t−1k g(tk), the estimate above becomes
(5.33)
∣∣(∇gN )jGk − (1 + slk/tk)gN ∣∣gN < C/k
in Im(ϕtk+slk ◦R
−1
k ) = ϕtk+slk (ImQk).
Then, since by Lemma 5.1 and Remark 5.1{
rlk ≤
1
2
√
γktk + slk(Λk + 1)
2
}
⊂
{
rlk ≤
√
γktk
}
⊂ ImQk,
it follows that
(5.34)
ϕtk+slk (ImQk) ⊃ ϕtk+slk
({
rlk ≤
1
2
√
γktk + slk(Λk + 1)
2
})
= ϕ1+tk/slk
({
r ≤ 1
2
√
γktk/slk + (Λk + 1)
2
})
⊃ {r ≤√γk/8},
where the last inclusion follows from Lemma 5.3.
Now, let qk ∈M be such that qmax = ϕtk+slk ◦R
−1
k (qk) ∈ N satisfies
|Rm(gN )(qmax)|gN = max
N
|Rm(gN )|gN .
Applying Lemma 5.2 for ζ = 12 maxN |Rm(gN )|gN we obtain Cˆ, γˆ > 1 such
that
qk ∈
{
rM ≤
√
γˆtk
}
,
and diamg(tk)({rM ≤
√
γˆtk}) ≤ Cˆ
√
tk.
Given any pk 6∈ ImΨ, it follows that rM (pk) = 0, hence distg(tk)(pk, qk) ≤
Cˆ
√
tk. Therefore, distgN (qmax, ϕtk+slk ◦R
−1
k (pk)) ≤ 2Cˆ, for large k.
This, together with (5.33), (5.34) and that γk → +∞ suffices to prove that
(M, t−1k g(tk), pk) converges in the smooth pointed Cheeger–Gromov topology
to (N, gN , q¯).
This implies that (M, t−1k g(tkt), pk)t∈(0,t−1k T ] → (N,h(t), q¯)t∈(0,+∞) in the
smooth pointed Cheeger–Gromov topology, where (N,h(t)) is complete with
bounded curvature and h(1) = gN . By the forward and backward uniqueness
property of the Ricci flow [3, 20] it follows that h(t) = ge(t).
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5.11. Proof of Theorem 1.3.
Proof of Theorem 1.3. Let gc,Z = dr
2 + r2g1 be the cone that models the
singularity at z1 and gc,exp = dr
2 + r2g′1 be a cone with Rm(g
′
1) ≥ 1.
Let εlink and κ be small constants (to be determined in the course of the
proof) such that for 0 ≤ j ≤ 4,
(5.35) |(∇g1)j(g′1 − g1)|g1 < εlink,
on Sn−1, and kZ(r) < κ for r ∈ (0, 1].
Moreover, let (N, gN , f) be the expander given by Lemma 2.2, asymptotic
to gc,exp.
The proof is again similar to the proof of Theorem 1.1, so we only describe
the necessary changes. The approximating sequence (Ms, Gs) is defined as
in Subsection 5.1, gluing the expander (N, gN , f). Then, in Subsection 5.2
equation (5.3) becomes
(5.36)
(Φs ◦ Fs)∗Gs − gc,exp =
= ξ3(rs/s
1/4)(F ∗s ge(s)− gc,exp) + (1− ξ3(rs/s1/4))(φ∗gZ − gc,Z)
+ (1− ξ3(rs/s1/4))(gc,Z − gc,exp).
Recall η0(gN ) given by Theorem 3.1. It follows by (5.36) that we may
choose κ, εlink small and Λ1 large (depending on η0), such that (Ms, Gs) ∈
M(η0,Λ1, s) for small s.
Then, Subsections 5.3-5.6 carry over unchanged, providing a Ricci flow
(M,g(t))t∈(0,T ] and a map Ψ : Z \ {z1} →M such that Ψ∗g(t) converges to
gZ smoothly uniformly away from z1, as t→ 0.
Now, although Lemma 5.1 is no longer valid, its conclusion does hold for
ε = 0.01, by the proof of part (1) of Theorem 3.1. It follows that Lemma
5.2 also holds for (M,g(t)), hence Subsection 5.9 carries over, proving that
g(t) converges to gZ in the Gromov–Hausdorff sense as t→ 0.

6. Orbifold quotient expanders and Theorem 1.2
We consider Sn−1 ⊂ Rn and Γ ⊂ O(n) a finite subgroup, acting freely
and properly discontinuously on Sn−1. Let g¯ be a metric on Sn−1 with
Rm(g¯) ≥ 1, but Rm(g¯) 6≡ 1, which is invariant under the action of Γ and thus
descends to a metric g on the quotient Sn−1/Γ. Note that the action of Γ thus
naturally extends to an isometric action on the cone (C(Sn−1), dr2 + r2g¯).
Let (N, gN , f) be the unique non-negatively curved gradient Ricci expander
(N, gN , f) given by [7], which is asymptotic to (C(S
n−1), dr2 + r2g¯), where
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we assume that f is normalised as in Section 2. By the soliton equation
(2.1) if follows that f is strictly convex. Let p0 ∈ N be the unique point
where f attains its minimum, or equivalently ∇f(p0) = 0. Then, all the
level sets {f = a} for a > min f are diffeomorphic to Sn−1, and the flow Jτ
of ∇f/|∇f |2 yields natural diffeomorphisms between them. Thus, we may
extend the coordinate system at infinity F of Section 2 to a diffeomorphism
F : (0,+∞) × Sn−1 → N \ {p0},
given by F (r, q) = J r2−Λ20
4
(F (Λ0, q)).
Let us now assume that Γ also acts isometrically on (N, gN , f) and fixes f .
This implies that the action of Γ has to preserve the flow lines of the vector
field ∇f/|∇f |2 and thus the action of Γ is completely determined by the
action on a level set {f = a} for a > min f . We will call such an action
compatible with the action on (Sn−1, g) if it agrees with the action on the
cone (C(Sn−1), dr2+r2g¯). In other words, we call the action of Γ compatible
if γ ·F (r, q) = F (r, γ · q) for all γ ∈ Γ. Note that thus the action of Γ on the
cone uniquely determines the action on (N, gN , f).
Now, let O be an non-compact orbifold with exactly one singular point
p ∈ O. Then, there is a neighbourhood U of p, a neighbourhood 0 ∈ U˜ ⊂ Rn,
and a projection pi : U˜ → U that is invariant under the fixed point free action
of a finite subgroup Γ′ of O(n).
A smooth function f on O is a continuous function, smooth on O\{p}, with
the property that pi∗f is smooth. Similarly, a smooth orbifold Riemannian
metric gO on O is a Riemannian metric on O \ {p} with the property that
pi∗g extends smoothly along 0 ∈ Rn.
Since the action of any element of Γ′ preserves both pi∗g and pi∗f it follows
that ∇pi∗gOpi∗f is a fixed point of the induced action on T0Rn. But, since
the action is free of fixed points we conclude that ∇f |p = 0, in the sense
that ∇pi∗gOpi∗f |0 = 0.
We call a triple (O, gO, f) an orbifold expander, where O, gO and f are as
above, if HessgO f = Ric(gO) +
gO
2 on O \ {p}.
Lemma 6.1. Let (O, gO, f) be an orbifold expander with positive curvature
operator that is asymptotic to the cone (C(Sn−1/Γ), dr2 + r2g). Suppose
that (Sn−1/Γ, g) is the quotient of (Sn−1, g¯), with Rm(g¯) ≥ 1. Then there
is a manifold expander (N, gN , f¯) with positive curvature operator that is
asymptotic to the cone (C(Sn−1), dr2+ r2g¯) such that (O, gO) = (N, gN )/Γ.
It follows that the singularity of the expander is modelled on Rn/Γ.
Proof. It suffices to show that O is diffeomorphic to Rn/Γ. By Rm(gO) > 0
we obtain that HessgO f ≥ gO2 , hence∇f 6= 0 onO\{p}. Thus the coordinate
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system at infinity can be extended to a surjective map
F : (0,+∞)× Sn−1/Γ→ N \ {p}.
As in the manifold case, we may assume that this map is related to the flow
Jτ of ∇f/|∇f |2 by
F (r, q) = J r2−r2
0
4
(F (r0, q)),
for some r0 > 0.
Observe that F can be deformed to a map F˜ : (0,+∞)×Sn−1/Γ→ O\{p},
which extends to a diffeomorphism between Rn/Γ and O. To see this, let f˜
be a smooth function equal to dgO(p, ·)2/4 near p and to f outside a compact
set. Since HessgO f ≥ gO2 we can arrange so that ∇f˜ 6= 0 in O \ {p}.
Now, let J˜τ be the flow of the field ∇f˜/|∇f˜ |2 and define F˜ by
F˜ (r, q) = J˜ r2−r2
0
4
(F (r0, q)).
Working on pi∗g - exponential coordinates around pi−1(p) we see that F˜ is
indeed a diffeomorphism. 
Theorem 6.1. Given (Sn, g¯) as above, the action of Γ extends to a compat-
ible isometric action on the unique positively curved gradient Ricci expander
(N, gN , f) that is asymptotic to the cone (C(S
n−1), dr2 + r2g¯). The action
fixes f and the only fixed point on N is the critical point p0 of f . Thus, the
quotient space is an expander with exactly one orbifold singularity modelled
on Rn/Γ and is asymptotic to the cone (C(Sn−1/Γ), dr2 + r2g).
Proof. We aim to extend Deruelle’s proof [7] of existence and uniqueness of
positively curved gradient expanders to show that the action of Γ on the
link extends to a compatible, properly discontinuous action on the expander
with the claimed properties.
As in Deruelle, let (g¯t)0≤t≤1 be the (reparametrised) evolution of g¯ by vol-
ume preserving Ricci flow, such that g¯0 = g¯ and g¯1 = αground, where
α = (vol(Sn−1, g¯))2/n. Since Ricci flow preserves symmetries, g¯t is invariant
under Γ for all t ∈ [0, 1].
Let (Nt, g˜t, ft) be the unique, positively curved gradient expander asymp-
totic to the cone (C(Sn−1), dr2 + r2g¯t) obtained by Deruelle. Then, let
p0,t ∈ Nt be the unique point where ∇ft(p0,t) = 0.
Note that (N1, g˜1, f1) is one of the rotationally symmetric expanders con-
structed by Bryant (see [5]). In this case the action of Γ naturally extends
to a compatible and properly discontinuous isometric action on N1 which
preserves f1 and has only one fixed point p0,1.
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We want to use an open-closed argument to show that this is true for all
t ∈ [0, 1].
Recall that (Nt, g˜t, ft) satisfies the conclusion of the theorem if the following
holds: there is an isometric action of Γ on Nt with one fixed point, preserving
ft, and the action is compatible with the standard action of Γ on the link
(Sn−1, g¯t). Note that since the action of Γ preserves the level sets of ft, the
fixed point has to be p0,t.
Openness. Suppose that (Nt, g˜t, ft) satisfies the conclusion of the theorem.
Let gc,t = dr
2 + r2g¯t and Ft : (0,+∞) × Sn−1 → Nt be the associated
coordinate system at infinity, satisfying
rj|(∇gc,t)j(F ∗t g˜t − gc,t)|gc,t = O(r−2).
Then the local uniqueness given in [7, Theorem 3.7] yields an isometric
action of Γ onto Nt′ , for t
′ close to t. Moreover, there is a diffeomorphism
between Nt and Nt′ identifying this action with the action on Nt, so from
now on we will work on N := Nt and assume that g˜t, g˜t′ , ft, ft′ are defined
on N .
This action has a unique fixed point, it preserves ft by assumption and by
the uniqueness statement of Lemma 2.2 it follows that it also preserves ft′ .
We conclude that the fixed point of the action is the critical point p0 of both
ft and ft′ .
By Theorem [7, Theorem 3.7], it follows that
(6.1) rj|(∇gc,t′ )j(F ∗t g˜t′ − gc,t′)|gc,t′ = O(r−2).
Observe, however, that the coordinate system Ft is not adapted to the gra-
dient soliton structure of (N, g˜t′ , ft′), namely it does not parametrise the
level sets of ft′ . Thus, although the action on (Nt, g˜t, ft) is compatible to
the standard action of Γ on Sn−1, it is not immediate that the action on
(Nt′ , g˜t′ , ft′) is also compatible to the standard action.
For this, we need to construct a diffeomorphism
Ft′ : [r0,+∞)× Sn−1 → {ft′ ≥ r
2
0
4
}
such that
(1) ft′(Ft′(r, q)) =
r2
4 ,
(2) rj|(∇gc,t′ )j(F ∗t′ g˜t′ − gc,t′)|gc,t′ = O(r−2), for all integers j ≥ 0,
(3) γ ·Ft′(r, q) = Ft′(r, γ ·q) where the action on q is the standard action
of Γ on Sn−1.
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Denote by Jτ the flow of the vector field ∇g˜tft/|∇g˜tft|2 and by J ′τ the flow
of ∇g˜t′ft′/|∇g˜t′ft′ |2. Since the action leaves both vector fields invariant, it
follows that both Jτ and J
′
τ are equivariant with respect to this action.
Now fix a large number r0 > 0. Then, given any a ≥ r
2
0
4 , define on {ft = a}
and {ft′ = a} the Riemannian metrics
(g˜t′)1,ρ = ρ
−2(J ρ2
4
−a)
∗g˜t′ and (g˜t′)2,ρ = ρ−2(J ′ρ2
4
−a)
∗g˜t′ ,
respectively, for any ρ ≥ r0. Here, abusing notation we use g˜t′ to also denote
the restriction of g˜t′ to the tangent bundle of {ft = ρ
2
4 } and {ft′ = ρ
2
4 }
respectively.
Note that, from (6.1), it follows that
(6.2) (∇g¯t′ )j(Ft(ρ, ·)∗(g˜t′)1,ρ − g¯t′) = O(ρ−2),
and from the estimates in [8, Theorem 3.2]
(6.3) (∇ha)j((g˜t′)2,ρ − ha) = O(ρ−2),
for some metric ha on {ft′ = a}, uniformly in a.
Moreover, note that
(6.4) |∇g˜t′2
√
ft′ |2g˜t′ =
|∇g˜t′ft′ |2
ft′
=
ft′ +Rmin −R
ft′
= 1 +O(f−1t′ ).
Now, we claim that the level set {ft′ = a} is a graph over {ft = a} via
the normal exponential map of (4a)−1g˜t′ , for each a ≥ r
2
0
4 , if r0 is large.
Moreover, the graphing function smoothly converges to zero as a→ +∞.
To see this, first observe that, as a→ +∞, any pointed sequence
((4a)−1F ∗t g˜t′ , xa),
with ft(xa) = a, has a subsequence converging to (gc,t′ , x∞), with r(x∞) = 1,
in C∞loc, by (6.1). Moreover, under this convergence F
∗
t (2
√
ft/2
√
a) converges
to the radial function r of the cone C(Sn−1).
Since
Hess(4a)−1 g˜t′ ft′/a = Ric((4a)
−1g˜t′) + (4a)−1g˜t′/2,
the curvature decay supN r
2+j|(∇g˜t′ )j Rm |g˜t′ < +∞, implies uniform de-
rivative estimates for ft′/a with respect to (4a)
−1g˜t′ and within bounded
distance from {ft′ = a}. Thus, passing to a subsequence 2
√
ft′/2
√
a con-
verges smoothly to a limit r∞ as a→ +∞, which satisfies |∇gc,t′r∞|gc,t′ ≡ 1
due to (6.4). Moreover, r∞ → 0 as r → 0, hence r∞ = r = distgc,t′ (o, ·),
o denoting the tip of the cone. This suffices to prove the claim, since it
implies that the level sets of (4a)−1ft and (4a)−1ft′ smoothly converge to
each other under this convergence. Note that here we used that the normal
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exponential map of (4a)−1g˜t′ over {ft/a = 1/4} smoothly converges to the
normal exponential map of gc,t′ over {r = 1}.
Thus, there is a diffeomorphism, defined via the normal exponential map,
Ka : {ft = a} → {ft′ = a},
satisfying γ ·Ka(x) = Ka(γ · x) for every x ∈ {ft = a} and γ ∈ Γ.
Now, as the level sets converge to each other smoothly after scaling, we
obtain that
(6.5) (∇(g˜t′ )1,2√a)j(K∗a(g˜t′)2,ρ − (g˜t′)1,2√a)→ 0
as ρ
2
4 ≥ a→ +∞, where we also used (6.3). Using (6.2) we obtain
(6.6) (∇g¯t′ )j(Ft(2
√
a, ·)∗K∗a(g˜t′)2,ρ − g¯t′)→ 0,
as ρ
2
4 ≥ a→ +∞.
Define the family of maps given by
Ft′,a(r, q) = J
′
r2
4
−a ◦Ka ◦ Ft(2
√
a, q).
Observe that the Ft′,a are equivariant, in the sense that
γ · Ft′,a(r, q) = Ft′(r, γ · q),
for all γ ∈ Γ and q ∈ Sn−1.
Then, we can write
F ∗t′,ag˜t′ = F
∗
t′,a(|∇g˜t′2
√
ft′ |2g˜t′ )dr
2 + r2Ft(2
√
a, ·)∗K∗a(g˜t′)2,r.
By (6.6), F ∗t K∗a(g˜t′)2,r converges smoothly to g¯t′ as
r2
4 ≥ a→ +∞.
Thus, F ∗t′,ag˜t′ is C
∞-controlled in terms of the metric dr2 + r2g¯t′ , uniformly
in a. Moreover, by (6.4)
{ft′ ≤ r
2
1
8
} ⊂ Ft′,a({r ≤ r1}) ⊂ {ft′ ≤ 2r21},
for r1 ≥ r0.
Taking a → +∞, by Arzela`–Ascoli a subsequence of Ft′,a converges to a
limit Ft′ .
Since Ft′,a(2
√
b+ s, ·) = J ′s ◦ Ft′,a(2
√
b, ·), it follows that
Ft′(2
√
b+ s, ·) = J ′s ◦ Ft′(2
√
b, ·),
which implies that requirement (1) above is satisfied. Clearly, (3) is also
satisfied since Ft′,a are equivariant.
Moreover, (6.6) implies that
lim
a→+∞ limr→+∞F
∗
t ◦K∗a(g˜t′)2,r = g¯t′ .
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This, combined with the estimates of [8, Theorem 3.2] prove (2).
Closedness. Let ti → t¯ ∈ [0, 1] and assume that (Nti , g˜ti , fti) satisfy the
conclusion of the theorem. Consider the sequence of the quotient orbifold
expanders (Oi = Nti/Γ, g˜ti , fti , p0,ti). Note that for simplicity we use the
same notation to denote the metrics and soliton functions in the quotient
space. These orbifold expanders have a unique singular point, since the
actions of Γ on Nti have a unique fixed point.
The compactness theorem in [8] carries over to the orbifold setting, using
[22], to obtain a pointed Cheeger-Gromov limit (Ot¯, g˜t¯, ft¯, p0,t¯), which is an
orbifold expander with positive curvature operator. Moreover, p0,t¯ is the
unique singular point and the orbifold expander is asymptotic to the cone
(C(Sn−1/Γ), dr2 + r2g¯t¯/Γ).
By Lemma 6.1 it follows that there is (Nt¯, g˜t¯, ft¯, p0,t¯) such that
(Ot¯, g˜t¯, ft¯, p0,t¯) = (Nt¯, g˜t¯, ft¯, p0,t¯)/Γ,
and the action on Nt¯ is compatible with the standard action of Γ on S
n−1.

Remark 6.1. We note that the positively curved gradient expander with
one isolated orbifold singularity, asymptotic to (C(Sn−1/Γ), dr2 + r2g) is
unique. To see this, note that by Lemma 6.1 the orbifold expander has
to be the quotient of a smooth, positively curved expander asymptotic to
(C(Sn−1), dr2 + r2g¯) under the action of Γ, with a unique fixed point.
Remark 6.2. Using the fact that Γ has finite characteristic variety, it is
possible to employ the continuity argument above to prove the following
stronger statement: if p0 ∈ N is the critical point of the soliton function
then there exists an orthonormal basis of Tp0N such that the orthogonal
action on Tp0N that is induced by the isometric action on N is represented
by the standard action of Γ on Rn.
Proof of Theorem 1.2. The proof is similar to the proof of Theorem 1.1,
so we only describe the necessary changes. For ease of notation, we as-
sume again that there is only one isolated conical singularity at z1. Let
(C(Sn−1/Γ), dr2 + r2g1) be the cone that models the singularity at z1.
We denote with g¯1 the lift of g1 to S
n−1. Since (Z, gZ ) is asymptotic to
(C(Sn−1/Γ), dr2+r2g1) , there exists a smooth metric g¯Z on (B1(0)\{0}) ⊂
R
n, which is invariant under the natural action of Γ, such that there is
a quotient map pi : B1(0) → U where U is a neighbourhood of z1 in Z
and g¯Z = pi
∗gZ . Note that this implies that g¯Z is asymptotic to the cone
(C(Sn−1), dr2 + r2g¯1) at 0.
Let (N, g¯N , f) be the expander given by Lemma 2.2, asymptotic to the cone
(C(Sn−1), dr2+r2g¯1). By Theorem 6.1 the action of Γ extends to (N, gN , f).
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As in Subsection 5.1 we can glue in the orbifold quotient of this expander
around z0 into gZ to obtain an approximating sequence (Ms, Gs) with one
orbifold singularity. We can furthermore assume that under pi this lifts to a
corresponding local glueing (B1(0), G¯s) of (N, g¯N , f) into g¯Z .
By short-time existence for the orbifold Ricci flow, see for example [17,
Section 5.2], we obtain a solution (gs(t))t∈[0,Ts] to Ricci flow with an isolated
orbifold singularity, starting at gs(0) = Gs. We can arrange this in such a
way that the flow lifts under pi to a smooth Ricci flow (hs(t))t∈[0,T ] on B1(0),
starting at G¯s.
Now, all the estimates in Subsections 5.2 - 5.10 are local, and we can thus
apply them to the family (hs(t))t∈[0,T ]. Note also that the conclusion of
Theorem 3.1 holds for (B1(0), hs(t)). Although (B1(0), hs(t)) is not com-
plete, all the arguments in the proof of that theorem go through, provided
we apply the pseudolocality theorem for orbifolds from [36] to (Ms, gs(t)),
to obtain the necessary curvature estimates in the conical region.
Projecting under pi we obtain the corresponding estimates for (gs(t))t∈[0,T ].
In particular, as in Corollary 3.1, we obtain a uniform existence time T for
gs(t) and the curvature bound
max
Ms
|Rm(gs(t))|gs(t) ≤ C/t.
Thus, by the compactness theorem for orbifold Ricci flow in [22], there exists
a limit Ricci flow (g(t))t∈[0,T ] with an isolated orbifold singularity and the
claimed properties. 
References
[1] Michael Anderson, Atsushi Katsuda, Yaroslav Kurylev, Matti Lassas, and Michael
Taylor, Boundary regularity for the Ricci equation, geometric convergence, and Gel′
fand’s inverse boundary problem, Invent. Math. 158 (2004), no. 2, 261–321.
[2] Richard H. Bamler, Stability of hyperbolic manifolds with cusps under Ricci flow,
Adv. Math. 263 (2014), 412–467.
[3] Bing-Long Chen and Xi-Ping Zhu, Uniqueness of the Ricci flow on complete noncom-
pact manifolds, J. Differential Geom. 74 (2006), no. 1, 119–154.
[4] Xiuxiong Chen and Yuanqi Wang, Bessel functions, heat kernel and the conical
Ka¨hler-Ricci flow, J. Funct. Anal. 269 (2015), no. 2, 551–632.
[5] Bennett Chow, Sun-Chin Chu, David Glickenstein, Christine Guenther, James Isen-
berg, Tom Ivey, Dan Knopf, Peng Lu, Feng Luo, and Lei Ni, The Ricci flow: tech-
niques and applications. Part I, Mathematical Surveys and Monographs, vol. 135,
American Mathematical Society, Providence, RI, 2007, Geometric aspects.
[6] Bennett Chow, Peng Lu, and Lei Ni, Hamilton’s Ricci flow, Graduate Studies in
Mathematics, vol. 77, American Mathematical Society, Providence, RI; Science Press,
New York, 2006.
[7] Alix Deruelle, Smoothing out positively curved metric cones by Ricci expanders, Geom.
Funct. Anal. 26 (2016), no. 1, 188–249.
48 PANAGIOTIS GIANNIOTIS AND FELIX SCHULZE
[8] , Asymptotic estimates and compactness of expanding gradient Ricci solitons,
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 17 (2017), no. 2, 485–530.
[9] Alix Deruelle and Tobias Lamm, Weak stability of Ricci expanders with positive cur-
vature operator, Math. Z. 286 (2017), no. 3-4, 951–985.
[10] Eleonora Di Nezza and Chinh H. Lu, Uniqueness and short time regularity of the
weak Ka¨hler–Ricci flow, Adv. Math. 305 (2017), 953–993.
[11] Joerg Enders, Reto Mu¨ller, and Peter M. Topping, On type-I singularities in Ricci
flow, Comm. Anal. Geom. 19 (2011), no. 5, 905–922.
[12] Mikhail Feldman, Tom Ilmanen, and Dan Knopf, Rotationally symmetric shrinking
and expanding gradient Ka¨hler-Ricci solitons, J. Differential Geom. 65 (2003), no. 2,
169–209.
[13] Gregor Giesen and Peter M. Topping, Existence of Ricci flows of incomplete surfaces,
Comm. Partial Differential Equations 36 (2011), no. 10, 1860–1880.
[14] Vincent Guedj and Ahmed Zeriahi, Regularizing properties of the twisted Ka¨hler-Ricci
flow, J. Reine Angew. Math. 729 (2017), 275–304.
[15] Richard S. Hamilton, Harmonic maps of manifolds with boundary, Lecture Notes in
Mathematics, Vol. 471, Springer-Verlag, Berlin, 1975.
[16] , Three-manifolds with positive Ricci curvature, J. Differential Geom. 17
(1982), no. 2, 255–306.
[17] Bruce Kleiner and John Lott, Geometrization of three-dimensional orbifolds via Ricci
flow, Aste´risque (2014), no. 365, 101–177.
[18] Herbert Koch and Tobias Lamm, Geometric flows with rough initial data, Asian J.
Math. 16 (2012), no. 2, 209–235.
[19] , Parabolic equations with rough data, Math. Bohem. 140 (2015), no. 4, 457–
477.
[20] Brett L. Kotschwar, Backwards uniqueness for the Ricci flow, Int. Math. Res. Not.
IMRN (2010), no. 21, 4064–4097.
[21] Nina Lebedeva, Vladimir Matveev, Anton Petrunin, and Vsevolod Shevchishin,
Smoothing 3-dimensional polyhedral spaces, Electron. Res. Announc. Math. Sci. 22
(2015), 12–19.
[22] Peng Lu, A compactness property for solutions of the Ricci flow on orbifolds, Amer.
J. Math. 123 (2001), no. 6, 1103–1134.
[23] Carlo Mantegazza and Reto Mu¨ller, Perelman’s entropy functional at Type I singu-
larities of the Ricci flow, J. Reine Angew. Math. 703 (2015), 173–199.
[24] Rafe Mazzeo, Yanir A. Rubinstein, and Natasa Sesum, Ricci flow on surfaces with
conic singularities, Anal. PDE 8 (2015), no. 4, 839–882.
[25] Ovidiu Munteanu and Jiaping Wang, Conical structure for shrinking Ricci solitons,
J. Eur. Math. Soc. (JEMS) 19 (2017), no. 11, 3377–3390.
[26] Aaron Naber, Noncompact shrinking four solitons with nonnegative curvature, J.
Reine Angew. Math. 645 (2010), 125–153.
[27] Grisha Perelman, The entropy formula for the ricci flow and its geometric applica-
tions, 2002, arXiv:math/0211159.
[28] Wan-Xiong Shi, Deforming the metric on complete Riemannian manifolds, J. Differ-
ential Geom. 30 (1989), no. 1, 223–301.
[29] Miles Simon, Ricci flow of almost non-negatively curved three manifolds, J. Reine
Angew. Math. 630 (2009), 177–217.
[30] , Ricci flow of non-collapsed three manifolds whose Ricci curvature is bounded
from below, J. Reine Angew. Math. 662 (2012), 59–94.
[31] , Ricci flow of regions with curvature bounded below in dimension three, J.
Geom. Anal. 27 (2017), no. 4, 3051–3070. MR 3708004
RICCI FLOW FROM SPACES WITH ISOLATED CONICAL SINGULARITIES 49
[32] Jian Song and Gang Tian, The Ka¨hler-Ricci flow through singularities, Invent. Math.
207 (2017), no. 2, 519–595.
[33] Peter Topping, Ricci flow compactness via pseudolocality, and flows with incomplete
initial metrics, J. Eur. Math. Soc. (JEMS) 12 (2010), no. 6, 1429–1451.
[34] Peter M. Topping, Uniqueness of instantaneously complete Ricci flows, Geom. Topol.
19 (2015), no. 3, 1477–1492.
[35] Boris Vertman, Ricci flow on singular manifolds, 2016, arXiv:1603.06545.
[36] Bing Wang, Ricci flow on orbifold, 2010, arXiv:1003.0151.
[37] Hao Yin, Ricci flow on surfaces with conical singularities, J. Geom. Anal. 20 (2010),
no. 4, 970–995.
[38] , Ricci flow on surfaces with conical singularities, ii, 2013, arXiv:1305.4355.
Panagiotis Gianniotis: Department of Mathematics, University of Toronto,
40 St George Street, Toronto, ON M5S 2E4, Canada
E-mail address: p.gianniotis@utoronto.ca
Felix Schulze: Department of Mathematics, University College London, 25
Gordon St, London WC1E 6BT, UK
E-mail address: f.schulze@ucl.ac.uk
